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Q1) What is the definition of an Arrow Security?

A security which delivers one unit of account or the unit price of one commodity
in one state and nothing in all other states.
Q2) What is the definition of a redundant asset?

An assets, the payoff vector of which is a linear combination of the payoff
vectors of the other assets.
Q3) Under the assumption that p(¢) # 0 for all £ € D, provide a necessary and
sufficient condition under which V(p) is complete.

V(p) is complete if and only if V'(p) is onto.
Q4) Let (p, q) be a spot - asset price pair such that ¢ is arbitrage free. How can
we choose a price m € R such that the financial budget set B” (p, ¢) is included
in the Walrasian budget set BY (m, 7 - ¢;)?

Let A € ]R]_Dﬁﬂr a present value vector associated to q. The price 7 is then defined
by 7(€) = pl(&) and 7(€) = Aep(€) for all € € D;.
Q5) What is the definition of the over hedging price of an asset for a given
financial structure?

Let V(p) be the payoff matrix and ¢ be the arbitrage free asset price. Then,
the over hedging price of an asset with payoff vector w € RP! is the value of the
following optimisation problem:

Minimise ¢ - z
V(p)z > w
z€R’

Exercise 1 We consider a two-period model with the uncertainty represented by
the graph D. Dy, the set of states of nature at date 1, is equal to {&1, &2, &3, &4}
The financial structure is composed of two nominal assets with the following



payoff matrix:

2 -1

1) Represent graphically in R? the set ZT of portfolios z such that Vz > 0.

See the associated picture.

2) Show that ¢ is an arbitrage free portfolio if and only if ¢ - z > 0 for all
z € ZT\ {0}.

If g-z > 0 for all z € Z7\ {0}, then ¢ is arbitrage free since there is no portolio
z such that Vz > 0, ¢- z < 0 with at least one strict inequality.

Conversely, we remark that for all z € Z1\ {0}, Vz > 0 and Vz # 0 since V
is one-to-one (injective. So, if there exists z € ZT such that ¢ -z < 0, then z is
an arbitrage opportunity. Hence, if ¢ is arbitrage free, for all z € Z*, ¢ -z > 0.
3) Represent graphically the set of arbitrage free portfolios.

See the associated picture where the cone of arbitrage free price is the interior
of the red cone.

Exercise 2 We consider a two-period model with the uncertainty represented
by the graph . D, is the set of states of nature at date 1. We assume that
we have a unique commodity at each state. We consider a financial structure F
with a nonempty finite collection of J assets, represented by the payoff mapping
p — V(p) from R? to the set of fD); x J matrices. We assume that p(£) > 0 for
all € € D.

Let k be an asset whose payoffs are (vy(p,&))een,. We consider the financial
structure F obtained by adding this new asset to the structure F: the collection
of assets of F is J U {k} and the #.7 first columns of the payoff matrix V (p) are
the columns of the matrix V' (p) and the last column is the column of the payoffs
of the asset k:

Vo) = (Vi) | lp.E)eens)

1) Show that if § = ((g;)jes, qx) is arbitrage free for the structure F at p, then
the asset price (¢;);jes is arbitrage free for the structure F at p.
If ¢ = ((¢j)jes, qx) is arbitrage free for the structure F at p, then there exists
a present value vector A € RE; such that f/(p)t)\ = (. So, one deduces from the
structure of the matrix V(p) that V(p)'A = ¢, which implies that ¢ is arbitrage
free for the structure F.

2) Show that the financial structures F and F are equivalent at p if and only if
the payoff vector (vix(p, £))een, belongs to the range of V(p).

Since p(§) > 0 for all £ € D, F and F are equivalent if and only if the range of
V(p) is equal to the range of V(p). From the structure of V (p), its range is equal to
ImV (p)+Rug(p). So, ImV (p) = ImV (p) if and only if ImV (p) = ImV (p)+Ruy(p),
which holds true if and only if vi(p) € ImV (p).



3) Show that if ¢ is an arbitrage free asset price for the structure V' at p and the
structures V and V are equivalent at p, then there exists a unique asset price g
for the asset k such that ¢ = (g, gi) is arbitrage free for the structure V at p.

Let ¢ is an arbitrage free asset price for the structure V' at p. Since V and 1%
are equivalent at p, from the previous question vi(p) € ImV'(p), so there exists
z € R’ such that vi(p) = V(p)z. If qx is a price for the asset k such that
G = (¢, qx) is arbitrage free for the structure V at p, then g is the value of the
portfolio z, which replicates the payoffs of the asset k. Otherwise, an arbitrage
opportunity exists by selling one unit of the asset £ and buying the portfolio Z or
the converse. So, the unique possible price ¢ = z - gq.

4) Show that if the financial structure F is complete at p, then F and F are
equivalent at p.

If the financial structure F is complete at p, ImV (p) = RP! so necessarily
vk(p) € ImV(p), which implies that F and F are equivalent at p from question
2.

We assume now that there is no redundant asset for the financial structure F
at the price p.

5) Show that the financial structures F and F are equivalent at p if and only if
the financial structure F has a useless portfolio.

If F and F are equivalent at p, from Question 2, vy(p) € ImV (p), so there
exists Z € R’ such that vy(p) = V(p)z. We remark that (2, —1) is then a useless
portfolio of F.

If the financial structure F has a useless portfolio, there exists ¢ € R7*1\ {0}
such that V(p)¢ = 0. {, # 0. Indeed, if {, = 0, then V(p)¢ = V(p)¢ = 0 where
¢ is obtained from ¢ by removing the kth component. Furthermore ¢ # 0. So
( is a useless portfolio of F. But this is in contradiction with the fact that the
financial structure F at the price p has no redundant asset, which is equivalent
to the absence of useless portfolio. Then, one deduces that (u(p) = —V (p)¢, so
vk(p) = —V(p)é(. Hence, vi(p) belongs to the range of V(p) which implies that

the financial structures F and F are equivalent at p from Question 2.

Exercise 3 We consider a two-period model with the uncertainty represented
by the graph D. Dy = {&,...,&x} is the set of states of nature at date 1. We
assume that we have a unique commodity at each state. We consider a financial
structure F with a nonempty finite collection J = {1,...,J} of nominal assets
defined as follows. Asset 1 has a positive payoff vy > 0 for all & € ;. Then
there exists 0 < k; < ko < ... < kj_; < K and the payoffs of Asset j at node &
is 0 if £ < k;_; and vg, otherwise. So the payoff matrix is as follows:



U1 0 0 0

o 0 0 . 0
UV(k1+1) U(k141) 0 0
Uk, (U 0 c. 0
V = V(kg+1) U(ka+1) U(ka+1) e 0
Uks Uk (™ e 0
U(ky_14+1) Y(ks_14+1) Ylky_1+1) -+ Ulky_1+1)
VK VK ()74 c. VK

1) Show that the payoff matrix V' of this financial structure is one-to-one.

Let z € R’ such that Vz = 0. Then v;z; = 0 which implies z; = 0 since
vy > 0. One then deduces that v, 1)(21 + 22) = V@, +1)22 = 0 which implies
25 = 0 since v, +1) > 0. Repeating the same argument for ky + 1 until k;_; + 1,
one deduces that z3 =0,...,2; = 0, so z = 0 which shows that V' is one-to-one.

2) Show that the set of no arbitrage asset prices is

Q:{QERZ+‘q1>QQ>-'->QJ}

Hint: you can start by showing that Q@ C {¢ € RY, | ¢1 > ¢ > ... > ¢;} and
then show the converse inclusion.
If ¢ is an arbitrage free asset price, then there exists A € Rf . such that V!X =
. K K
g. Then, since all v, > 0, ¢; = Zk:k‘;,ﬁ-l AU < qj-1 = Zk:k1,2+1 AUy < ... <

92 = Zf:lirl )\kvk <q = 2521 )\kvk.
Conversely, let ¢ such that ¢; > g2 > ... > ¢; > 0. Then, let A € RE, defined

as follows: for ky_1 +1 < k < K, A\, = #HQJ’ for kjo +1 < k < kj_q,
M = oo (@1 — ag), and so o, for ki +1 <k < ko, M = 55-(03 — 2),

and finally, for 1 < k < ki, Ay = %(QQ — ¢q1). Clearly A has only positive
components and one checks from ¢; to ¢; that VI\ = ¢, so ¢ is arbitrage free.

3) Show that the financial structure F is complete if and only if K = J and
ki=1,ky=2, ..., k;j1=J—1.

The financial structure F is complete if and only if the range of V is R¥. So,
V must have at least K columns. From the structure of V', since 0 < k1 < ky <
...<kj_1 < K,V has K columns if and only if there are K assets, V' is a square
matrix and ky = 1, ke = 2,... kg = K.

4) Show that the financial structure F is equivalent to the financial structure F
associated to the following payoff matrix:



U1 0 0 0

vy 0 0 ... 0
0 U(k1+1) 0 0
0 Uk, 0 R 0
{7 = 0 0 U(k2+1) C. 0
0 0 Uky 0

0 0 0 coo U(ky_141)
0 0 0 . VK

Let (v, ..., v”) be the column vectors of V and (w', ..., w”) be the column vec-

tors of V. We remark that v/ = w”’, v/~' = W/ +W7-1 [ V2=3"  W*and
V= Zgzl W*. So, the range of V spanned by the column vectors (v, ..., v7)
is a subset of the range of W spanned by the column vectors (w!, ..., w’). But,
since V' is one-to-one, the range of V' is of dimension J and the range of W is of
dimension at most J. So, one conclude that the dimension of the two spaces is
equal to J and that they are equal. So, F is equivalent to the financial structure

F.






