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Chapter 6

Existence of financial equilibria

The general equilibrium theory is a powerful tool to check whether or not a
model is consistent. Indeed, it is quite easy to build a model but it is useful
only if we are working on an object which exists in a quite large framework.
Since the 50, the benchmark model is the Arrow-Debreu existence result and
the associated assumptions. The purpose of this section is to present existence
results for financial equilibria under assumptions which are at the same level of
generality as the one for a competitive equilibrium.

Actually, in the first subsection, we show how to deduce a financial equilibrium
from a competitive equilibrium of an auxiliary exchange economy in the one
commodity case. We also show which assumptions are needed on the initial
economy to get the necessary ones on the exchange economy. So we remark that
we are really at the same level of generality as in the Arrow-Debreu existence
result.

The second subsection is just a presentation of the most advanced existence
results without proofs since they are far beyond the scope of this course.

6.1 Existence for the one commodity case

In this section, we provide an existence result for a two-period economy in the
particular case where there is only one commodity per state, ¢ = 1, which is a
pure wealth model as it is commonly assumed in the literature in finance. The
consumers take care only of their wealths in the different states.

In this framework, we use a correspondence due to Hart [12] between a fi-
nancial equilibrium and a Walras equilibrium of an auxiliary economy where the
commodities are the consumption at the initial node &, and the assets.

We posit the following additional assumptions to complete Assumption C and
S. First of all, / =1, so L = D.

Assumption C1. For all i € Z,
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b) w; is strictly increasing on Xj.

Note that u; strictly increasing is just the translation of Assumption NSS when
there is only one commodity per state. The financial structure is composed by
a finite set of J real assets and the payoff asset j in state £ is p(§)V;(€), where
V;(€) is an amount of the unique commodity. We denote by V' the D; x J matrix
whose entries are V;(£). We assume that

Assumption F1.
a) For all j € J, V; € RP*\ {0};
b) For all £ € Dy, there exists j € J such that V;(§) > 0.
c) foralli € Z, Z; = R7.

As already noticed in the previous section, assuming that the payoffs are non
negative is not so restrictive since, if it is not satisfied, there exists an equivalent
financial structure satisfying it under the mild sufficient condition that at least
one portfolio has positive returns in all states.

Let us consider a financial equilibrium ((z}, z}), p*, ¢*). From the strict mono-
tonicity of the utility functions, we deduces that p*(£) > 0 for all £ € D and the
budget constraints are binding. So, for all i € Z, for all £ € Dy, p*(§)z}(§) =

)

PQ)eiE) + ey 7 VO (). Honce, 7(6) = ex(6) + Xye 25 Vi(6). So. the
consumption at date 1 is completely determined by the portfolio chosen on the
financial market at date 0. Hence, we can reduce the choice of the consumer
to her consumption at date 0 and her portfolio. Furthermore, the equilibrium
portfolios must satisfy the constraints e;(§) + > _;c 7 275 Vi(§) > 0 for all € € D.
That is why we consider the following exchange economy € with the same set of
consumers Z than &:

The commodity space is R x R7. For each i € Z, the consumption set is =; =
{(7;(&),2) e RxRY | 2;(&) > 0,e} + V2 > 0} where e} € Dy is the restriction
of e; to the states in D;. The utility function is: 4;(z;(&0), z:) = wi(zi(&o), e} +V 2)
and the endowments are é; = (e;(&),0).

The following proposition shows the link between a Walras equilibrium of E
and a financial equilibrium of £x.

Proposition 23 Let ((z},z),p*,q¢") be a financial equilibrium of Ex. Then,
((xf(&), 21), (p™(&0), ¢")) is a Walras equilibrium of £,

Conversely, let ((£:(&), %), (5(&), 4)) be a Walras equilibrium of £, then
((Zi, 2:), P, Q) is a financial equilibrium of Ex with for all £ € Dy

a’) ]5(5) =1;
b) Ti(§) = ei(§) + D eq Zij vi(€)-
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Proof. Let ((z}, 2),p*, ¢*) be a financial equilibrium of £z. Then ). _; z7 (&) =
Y ez €i(§)and Y, 7 27 = 0 so the market clearing conditions are satisfied for the
economy &. Since x} is affordable for 2}, the first budget constraint p*(&)z} (&) +
q* - zF < p*(&)ei(&o) holds true, so (xF(&), 2f) belongs to the Walras budget set
for the price (p*(&),q*) in the economy &. If there exists (z;(&),2) in the
Walras budget set such that @;(x;(&), z:) > u:(x} (&), 27), then, z;, defined by
(&) = ei(§) + X je 7 V3(§) for all § € Dy, satisfies ui(2;) > wi(z}) and z; is
affordable by z; for the prices (p*,¢*) in £. So, we get a contradiction with the
fact that xf is optimal as an equilibrium allocation. So, (x} (&), 2) is an optimal
consumption in the Walras budget set. Consequently, ((z}(&), 27), (p*(&0), ¢")) is
a Walras equilibrium of €.

Conversely, let ((£:(&), %), (5(&),d)) be a Walras equilibrium of €. Since
(Z:(&), %) belongs to Z, Z; belongs to RY. One easily check that Z; is affordable
for the portfolio Z; for the price (p,§). From the market clearing conditions,
Yoier (&) = Dierei(§o) and Y .7 % = 0, so one deduces that )., 7;(§) =
Y ez ei(§) for all &€ € Dy. Finally, if there exists x; affordable for a portfolio z;
in the financial budget set and w;(z;) > u;(Z;), one has for all £ € Dy, z;(§) <
ei(§) + D s #i(§)V;(€) since p(§) = 1. So, since u; is strictly increasing, the
consumption z; define by j(&) = zi(&o) and z}(§) = ei(§) + >_;c 725 V;(§) is
financially affordable for z; and w;(z}) > u;(Z;). So, from the definition of 4;, one
deduces that ;(z}(&), zi) > U;(%:(&), Z;) and (25(&), z;) belongs to the Walras
budget set of £. So, we get a contradiction with the optimality of (&;(&), %) as
an equilibrium allocation. Consequently, ((Z;, Z;), P, ¢) is a financial equilibrium
of . O

This proposition tells us that the existence of a financial equilibrium in £ is
equivalent to the existence of a Walras equilibrium in the economy E. We now
check that the economy € satisfies the necessary conditions a la Arrow-Debreu for
the existence of a Walras equilibrium but the boundedness of feasible allocations
that we discuss specifically.

Proposition 24 If the economy Ex satisfies Assumption C, C1, S and F1, then
the economy &£ satisfies: for alli € T

a) Z; is nonempty, conver, closed;
b) u; is continuous, strictly increasing and quasi-concave on Z;.

c) é; € int=;.

Proof. a) Z; is nonempty, convex, closed since (0,e}) belongs to Z; and Z; is
defined by a finite set of affine inequality constraints.

b) @; is continuous since u; is so. It is strictly increasing since u; is so and
if z; > 2, z; # 2z, then there exists j € J such that z; > z{] Since Vj is
non negative and not equal to 0, there exists & € D' such that V;(&) > 0, so

ei(§) + D jeq zis Vi(§) > €i(&) + 3 eq #i; Vi(§). Furthermore, since V' has only
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non negative entries, e} +Vz; > el +Vzl and e} +Vz; > el + V2! # w;(x;(&), 21)-
So, @;(x:(€0), 21) = ui(zi(&o), € + Vzi) > wi(wi(&o), €f + VZ) = w(2i(&), i)

Let (z;(&), 2:), (%i(&o), Z:) and (2;(&), 2;) three elements of Z; such that
ti(2i(€0), i) < @i(Ti(8o), %) and @i(xi(€o), ) < @i(%i(8o), 2)-

Let xTr; = ($i<§0),€,} + VZl), .f‘z = (.fl(fo), 611 + VZZ) and i’z = (Zﬁz(&)), 611 + Véz)
Then, from the definition of 4;, w;(z;) < u;(%;) and w;(x;) < w;(2;). Since w; is
quasi-concave, for all ¢ € [0,1], u;(z;) < w;(tz; + (1 — t)2;) = w;(t2;(&) + (1 —
O2:(&), tlef +VZ)+ (1 —t)(ef + V2)) = w(t2:(&) + (1 — ) 34(&o), e + V(22 +
(1 —=1)%)) = a;(t(z;(&), ;) + (1 —t)(x:(&0), 2:)). So 4, is quasiconcave.

c) We remark that é; = (e;(&),0) belongs to the interior of = since e;(&,) > 0
and e} + V0 = e} > 0 so, no constraint are binding in the definition of =. O

We now study the feasible set of the economy € which is

A={@) e[z 1) a=> &}
€T i€ i€
So (Z; = (24(&0), 2i)) belongs to Aif Y. 7 x(&) = Y ez ei(&) and >, .7 2z = 0.
The key issue for the existence of an equilibrium is to prove that this set is
bounded. Then the Arrow-Debreu Theorem implies the existence of an equilib-
rium for the exchange economy € and so, the existence of a financial equilibrium
for the financial economy Ex.

For the boundedness of A, we have no problem for the first component since
z;(&) > 0 for all i. We focus on the portfolio component. Under which condition
is the set

Az ={(z) € [[R7 | Yz =0,Vi,e} +Vz >0}
= i€
bounded?

Indeed, contrary to the usual framework, the set =; are not necessarily bounded
below. This is obvious when the matrix V' is not one to one, which means that
we have redundant assets. Indeed, in this case, for any non zero useless portfolio
¢ € KerV, then (0,¢) € Z; for all consumers. So, = is not bounded from below.
But it may be also true with a one to one payoff matrix V. Let us take an
example. We consider a date-event tree with three states of nature at date 1. A
financial structure has two assets and the payoff matrix is:

1 1
1
5 1

Then,

61'(51) + 21 -+ Z9 2 0
Ei = (ZL‘(&)), Z1, ZQ)R X RQ l’(go) > O, 61'(52) +z1 + %ZQ >0

61'(53) + %Zl + z9 Z 0
—t

We remark that for all ¢ > 0, (0,2t, —t) and (0, —t, 2¢) belongs to Z; so it is not

bounded from below.
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The next proposition shows that even if the consumption sets are not bounded
from below, the asset attainable set Az is bounded when V' is one to one. We
know that this assumption is not really restrictive for the existence of an equilib-
rium in £x. Indeed, if V' is not one to one, we can consider the reduced financial
structure obtained by suppressing the redundant assets. This reduced financial
structure is free of useless portfolio or, equivalently, the reduced matrix is one
to one. We have shown that we can build a financial equilibrium for the initial
financial structure starting from a financial equilibrium for the reduced financial
structure. Furthermore, we also check that the reduced financial structure sat-
isfies Assumption F1. This is obvious for Assertions F1 (a) and (c) and is an
exercise for Assertion F1 (b).

Proposition 25 If {1 > 2, Ay is bounded if and only if V is one to one.

Proof. Let us assume that V' is one to one. If Ay is not bounded, there exists
a sequence (z¥) of Az such that (m” = max{||z/|| | i € Z}) tends to +o00. Let
us consider the sequence (¥ = #z”) From the definition of m*, one deduces
that this sequence is bounded and p” = max{||¢}|| | i € Z} = 1 for all v. So,
without any loss of generality, we can assume that this sequence converges to ¢
and max{||G|| | i € T}) = 1, so ¢ # 0.

Since (2”) of Az, foralli € T, e} +V 2/ > 0,50 =5 (el +V2¥) = el +V () > 0.
At the limit, we get V(; > 0 since (m”) tends to +oo. Furthermore, since
Sier?l =0, wealsoget >, ;G=0.50,0<>, ,VG=V(,.;G)=V0=0.
Hence, one deduces that V' (; = 0 for all ¢, and, since V' is one to one, (; = 0 for
all 4, which is in contradiction with ¢ # 0. So Ay is bounded.

Conversely, if 7 > 2 and V' is not one to one. Let ( € KerV \ {0}. Let ¢ and
¢ two elements of Z. We check that for all ¢t € R, 2* defined by z! = ¢(, 2! = —t(,
2!, = 0 for ¢’ different from i and ¢ belongs to Az so Az is not bounded. O

So, summarising the previous discussion, we get the following existence result
of a financial equilibrium.

Proposition 26 If the unconstrained financial economy Ex satisfies Assumption
C, C1, S and ImV N R]_Dﬁbr # 0, then a financial equilibrium exists.

Proof. First, we have shown that there exists an equivalent financial structure
V' such that for all j € J, V] € R]_Dﬁl. Second, by eliminating the redundant
assets, there exists an equivalent financial structure V'’ such that V"’ is one to one
and for all j € J, V] € R2'\ {0}. Since the range of the financial structure
is the same than the one of V, ImV’ N RP14++ # (), so Assumption F1 (b) is
satisfied. So, the financial economy with the financial structure V' satisfies all
necessary conditions so that the associated exchange economy & satisfies the
assumptions for the existence of a Walras equilibrium: Assumptions C and S,
u; locally non satiated for all i and the attainable set A is bounded. From a
Walras equilibrium of E, one deduces the existence of a financial equilibrium
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with the financial structure V' and, by the equivalence of the financial structures,
an equilibrium for £x. O

6.2 Beyond the one commodity case

In this section, we consider a financial economy £ which satisfies the basic As-
sumptions C, S, NSS and F. We add an assumption on the portfolio sets:

Assumption Z: for all © € Z, Z; is closed convex and contains 0 in its interior.

We also define the consumption feasible set as follows:

Ax ={(x) e [[ X |D wi=> e}
i€ i€ i€
This set is bounded since the individual consumption sets are bounded from
below.

For a competitive equilibrium, we need a weaker non satiation assumption.
We first provide an example of an economy without financial equilibrium since
Assumption NSS is not satisfied whereas each utility function is locally non-
satiated.

There are two states of nature at date 1, & and &, only one commodity at
each state and no financial asset, that is a pure spot market framework. They are
two consumers Z = {iy, 5}, the consumption sets are Ri and the utility functions
are:

ur(z) = () — (1) + (&) wa(x) = (&) + (&) + 2(&2)
The initial endowments are e; = e; = (1,1,1). Assumption NSS is the only one
which is not satisfied since at the allocation (1,0, 2), it is impossible to increase the
welfare of the first agent by moving only her consumption at state &;. There is no
equilibrium since on the spot market at &, the demand of the second consumer is
infinite when the price is non positive and is equal to 1 when the price is positive.
But, for a positive price, the demand of the first consumer is equal to 0. So the
sum of the demand is strictly smaller than the endowments at this node, which
is equal to 2. Nevertheless, note that a contingent commodity equilibrium exists,

which is 27 = (2,0,2), 23 = (1,2,1) and p* = (1,1, 1).

6.2.1 Bounded portfolio sets or nominal assets

We first state the Radner [18| existence results which assume that the set of
attainable portfolio Az defined by

Az ={(z) e [[ 21> 2 =0}
i€ i€
is bounded. Note that the original result of Radner was considering bounded

below portfolio sets for which Ay is obviously bounded but the proof works under
this more general condition.
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Theorem 2 The financial economy has a financial equilibrium under Assump-
tions C, S, NSS, F and Z and if Az is bounded.

We can remark that the existence of a pure spot market equilibrium is a
consequence of this theorem.

We now consider the case of a nominal asset structure, that is with a payoff
matrix V' independent of the spot price p. In this case, we can fix the present
value vector \ € R]_Dﬁﬁr and the asset price ¢ = V.

Theorem 3 Let £ be an unconstrained nominal financial economy satisfying
Assumptions C, S, NSS. Then, for all \ € Rgi, there exists a financial equilib-
rium ((xf, zF),p*,q*) such that ¢* = V.

The proof of this theorem is very similar to the proof for bounded attainable
portfolios but it uses the Cass trick [7| presented in Subsection 6.1.

6.2.2 Numéraire assets

We now consider a numéraire asset financial structure where v € R* \ {0} is the
numéraire and R the matrix of payoffs stated in units of the numéraire. In this
case, the payoff matrix V(p) is equal to:

p(&) - v 0 0
0 2)V ... 0
Vip) = ; p(és) 5 R
0 0 oo p(émy) v

and we check that the rank of the matrix V(p) is the rank of R if p(§) - v > 0
for all ¢ € ;. This properties is crucial to deduce the existence of a financial
equilibrium for numéraire asset structures from the one for bounded attainable
portfolios. Nevertheless, we need to assume that the numéraire commodity basket
v is strongly desirable at a feasible allocation in each state as precisely stated
below in Assumption NNS.

Theorem 4 Let £ be an unconstrained numéraire asset financial economy sat-
isfying Assumptions C, S, NSS. v denotes the numéraire basket of commodity in
R¢. We assume that:
Assumption NNS: there exists p > 0 such that for every x € Ax, for every
£ € Dy, there exists i € T such that for all o' € RY satisfying 2'(') = 0 and
(&) € By(v, p), there exists T > 0 such that u;(x;) < u;(x; + ta');

Then, there ezists a financial equilibrium ((z}, z}), p*, ¢*) such that p*(§)-v > 0
for all £ € D.

6.2.3 The real asset case

The real asset financial structure beyond the numéraire case exhibits a particular
difficulty since the rank of the return matrix V(p) may drop at some prices
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leading to a sharp reduction of the transfer possibilities offer by the financial
structure, so a discontinuous demand for the consumers. This explain why the
notion of pseudo-equilibrium was introduced as an intermediate concept. The
main difficulty is to prove that a pseudo-equilibrium exists. Then a genericity
argument shows that the pseudo-equilibrium is actually a financial equilibrium
almost everywhere.

Hart [13] provides the first example of a real asset financial structure without
financial equilibrium. We now present an example which is an adaptation by
Cornet of an example of Magill and Shafer [15].

There are two states of nature at date 1, two commodities at each state and
two consumers. The financial structure is composed of two real assets. The
consumption sets are RS, the utility functions are:

ui(x;) = Us(wi(80)) [Us(:(60))]”" [Ui(i(€2))]”

with py > 0, po > 0, p1 + ps = 1. For i = 1,2, Ui(a,b) = a®1b® with at >0,
ab >0, af +ab = 1.
11

e = (575,1—6,1—676,6) and ey = (%,%,6,6,1—6,1—6)

The matrices representing the two real assets in the two states are identical

equal to
10
=0 )

s0, given the spot price p, the payoff matrix is

_ p1(§1> p2(§1)
Vip) = (Pl(&) p2(§2))

In other words, a unit of the first asset delivers the value of one unit of the first
commodity and a a unit of the second asset delivers the value of one unit of the
second commodity.

We remark that the rank of V(p*) at equilibrium is either 1 or 2 since the
prices are positive due to the strict monotonicity of the utility function. Then, if
the spot prices in the two states are colinear, the rank is 1 and if not, the rank is
2. We show that in both cases, we get a contradiction.

We now prove that it does not exists a financial equilibrium if a! # o? and
€ # 3.

Let us start by assuming that the rank V' (p*) is 2. Then, in that case, the
market is complete and the financial equilibrium is actually a competitive equi-
librium for a price 7* which is obtained from p* by discounting the spot prices at
node & and & according to the unique present value vector.

Since the equilibrium allocation are strictly positive, the first order necessary
condition for the demand of the consumers leads to the following equalities:

(&) #2h(E&)  ThE)n

v 1h(§2)  2*2h(&)  mh(&1)p2
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for all commodities h. Furthermore, from the market clearing condition, we get
for all commodities h and all states £ € Dy, 2*1h(&)+2*2h(§) = 1, so, one deduces
from the previous equality that % = 1. Consequently, 7*(&;) is colinear to
7*(&,), which implies that p*(&;) is colinear to p*(&2) and the rank of the matrix
V(p*) is then equal to 1. So, there is no equilibrium with the rank of V' (p*) equal
to 2.

If the rank (V(p*) is equal to 1, since we have a real asset structure, we can
normalise the price vectors state by state and since they are colinear, we get that
p*(&) = p*(&2). Using the first order necessary condition, one gets:

(6 — () ) 1 PO O
" pi(61)
for both consumers, both commodities and both states of nature. Since, at equi-

librium the market clearing condition for both commodities and both states is
x5, (&) + x5, (€) = 1, if we normalise the prices so that pi (&) + p3(£) = 1, we get

1 _ a%(l—s—&-pf (fl)zﬁ‘H’; (51))Zf2 O‘% (54'131F (51)2’51—&-}7; (51)+Z§2)

Folf

a (1—e+p7 (§1) 2, +p3 (61))215) +o3 (e+pf (§1) 25, +p3 (61)+23,)

~|— ~|—
72y
=
~

o (e4p7 (61) 231 +p5 (61))215) +of (L —e+p] (€1) 23, +p3 (§1)+235)

—~

2
=

~

FEIF B RS
HQ[\)

Q
b o

a3 (e+p; (§1) 211 +p5 (€1))215)
PI

(1—e+pi(&1)23, +p5(61)+235)

—~
a
=

~—

This implies that (1 — 2¢)a! + (26 — 1)a? = 0, which is not possible since o'
and o? are not colinear and ¢ # % So, it does not exists a financial equilibrium
with the rank of V(p*) equal to 1.

As already said, we now introduce the intermediary concept of pseudo-equili-
bria to get a generic existence result for financial equilibrium. Let G" be the set
of all linear subspaces of dimension 7 of RP*. This set is called the r-Grassmann
manifold of RP'. In the definition of a pseudo-equilibrium, instead of consid-
ering the possible transfers of wealth among the two periods and the states of
nature through a financial structure, we consider a transfer space F € G" and the
marketable payoff are the vectors in F.

Définition 11 A r-pseudo-equilibrium of the economy £ is an element
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(z*,p*,¢*, E*) in [[;c; Xi x R¥ x RY x G" such that:
(i) for every ¢, x} is optimal for the utility function u; in the budget set

BY(p* E)={x; € X; | It € E*,p" 0 (x; — e;) < t;}

(i ZieI S ZiGI €i
(iii) ImW (p*, ¢*) C E*.

We now present the link between a pseudo-equilibrium and a financial equilib-
rium.

Proposition 27 Let (z*, 2*p*, ¢*) be a financial equilibrium of Ex, then,
(x*, p*, ¢"; ImW (p*, ¢%)) is a r-pseudo-equilibrium where r is the rank of W (p*, ¢*).
Conversely, if (x*,p*, ¢*, E*) is a r-pseudo-equilibrium of E and

E* =ImW (p*, q")

then there exists z* € (R7)L such that (z*, z*, p*, q*) is a financial equilibrium of
Er.

The proof of this proposition is left as an exercise. The following existence
result shows that a r-pseudo-equilibrium exists if » < ;.

Theorem 5 Let £ be an unconstrained financial economy satisfying Assump-
tions C, S, NSS and F. Then for all v < 8Dy, for all X\ € RY | there exists a
r-pseudo-equilibrium (x*,p*, ¢*, E*) such that E* C \*t.

The proof of this existence result is the most technical one among all results
presented in this course. Indeed, it involves a fixed point like theorem on the
Grassmann manifold, which has a structure less tractable than the convex sets
that are involved in the standard fixed-point theorem.

From this result, one deduces the following generic existence result for real
asset financial structure. To do it, we need to strengthen the assumptions on the
consumers by considering differentiable preferences as in the standard results of
the general equilibrium theory from a differentiable viewpoint (See Balasko [4],
Mas-Colell [16], Carosi et al. [19]).

Assumption SC: for every i € Z,
a) Xz = RH_;_’_,
b) u; is C* on X; and, for all z; € X;, Vu,(z;) € R:, and for all v € Vu,(z;)* \
{0}, v+ Hu;(z;)(v) < 0.

c) For all z; € X;, the set {z} € X; | w;i(x}) > u;(x;)} is closed in RE.

The real asset financial structure is represented by an element R in (M(fD x

0.
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Theorem 6 Let £ be an exchange economy satisfying Assumption SC. Then,
there exists an open subset Q of (RY )T x (M(ED x €))7 of full Lebesque measure
such that for all (e, R) € Q, the financial economy Ex has a financial equilibrium.

The proof of this theorem shows that generically on the pair of endowments
and financial structure the matrix W (p*, ¢*) associated for the pseudo-equilibrium
price pair (p*, ¢*) has a maximal rank and then the existing pseudo-equilibrium
is then a financial equilibrium.
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Chapter 7

Production in a Finance Economy

A two-period one-good production economy is composed of the following ingre-
dients:

- a date-event tree D with two dates and a unique node &, at date 0.

- a finite set Z of consumers with a production set X; C RP, preferences
represented by a utility function wu; from X; to R, and a vector e; of initial
endowments.

- a finite set K of technology sets Y; C RP describing the income streams
Yr = (Yke)een generated by investment projects available to the firm k. The usual
sign convention is yie < 0 indicates an input or investment, while yie > 0 is an
output or revenue is state £. Typically yre, < 0 and yge > 0 for £ € Dy,

Then, the description of the economy must be completed by describing the
ownership structure of the firms by the consumers. We will discuss this point
below since we will consider several ownership structures.

The basic assumption on the firms is the following:

Assumption P. For each £ € K, the technology set Y, is closed, convex,
C—ﬂi%%g Vi, Vi NRY = {0}. (¢4 X jex Yi) NRY is bounded and closed for all
L

For convenience in the following results, we will assume that the technology
sets can be represented by a C! transformation function, that is:
Assumption P’. For each k € IC, there exists a non-decreasing, quasi-convex,

and continuously differentiable transformation function 7}, from RP to R such
that V), = {y € R? | T}(y) < 0} and T},(0) = 0.

Définition 12 An allocation (z,y) € [],c7 Xi X [[exc Ya is feasible if ., x; =

Diez €t Qe Yk-
A feasible allocation (z,y) € [[;c7 Xi X [[,exc Y is Pareto optimal if it does
not exist a feasible allocation (2',y’) such that w;(z}) > u;(x;) for all i € Z and
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7.1 Contingent Market Equilibrium

We assume that the ownership of the firms are distributed among the consumers
and we denote #;; the share of Consumer 7 in the firm k. So, 6;, > 0 and, for all
ke IC, Ziezeik =1.

If we have a full set of contingent markets at date 0 as presented in Chapter 3,
we denote by p € RP the contingent price vector. Then the income of Consumer
P38 p e+ Y pex Oinp - Yk if the productions are (yx) € [[,cc Yi- So the budget
set of this consumer is

B (p,p-ei+ Y Oup-yr) ={xi € Xi|p-ai <p-ei+ > Oup-ys}
ke kek

Définition 13 A contingent market equilibrium is a price-allocation pair (p*, z*,y*) €
R” x TT.cz Xi X [1jexc Ye, which is feasible and such that:

(i) for all i € Z, x} is a maximum of u; on the budget set B/Y (p*, w}) with
wy =p*-e+ Zkelc Oirp - Yy-

(i) for all k € K, y; is a maximum of p* - y over Y.

From the standard results on the existence and optimality of Walras equilib-
rium with production, we have the following result:

Theorem 7 (i) Under Assumptions C, S, NSS* and P, there exists a contingent
commodity equilibrium.

(i) If (p*, 2, y*) € R® X [[,c7 Xi X [Tpex Yo is a contingent commodity equilib-
rium, then (x*,y*) is Pareto optimal.

7.2 Entrepreneurial equilibrium

We assume now that each firm & has a unique owner (k) and that each consumer
is the owner of at most one firm?. We denote by k(i) the firm owned by Consumer
1 if she is the owner of one firm and by Zy the set of consumers who are owner
of a firm.

We assume now that we have spot markets at all node with a normalized spot
price equal to 1 and a financial structure with 7 nominal assets and the §D; x J
payoff matrix V. We denote by ¢ € RY the asset price vector and by W(q)
the D x J full payoff matrix where the first row is the opposite of ¢ and the
remaining rows are the rows of V. We assume that there is no constraint on the
asset markets.

Note that in a one commodity economy, Assumption NSS merely means that the utility
functions are strictly monotone
2 An exercise below allows us to remove this last assumption.
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The budget set of an agent ¢ whose is the owner of the firm k(7) is then given
by:

Bf(q) = {zi € Xi | z,yr) € RT x Vi) wi < ei + W(q)z + yrn) }

If a consumer is not the owner of a firm, i ¢ Zy, the budget set is obtained by
putting the production yy ;) equals to 0.

If we assume that each owner decides about the suitable production plan for
her, we get the following definition of an entrepreneurial equilibrium.

Définition 14 An entrepreneurial equilibrium is a pair (¢*, z*, z*,y*) € R7 x
[Ticr Xi x (RY)E x [,cc Yi such that (z*,y*) is feasible and

(i) for each i € Iy, a7 < e; + W(q")2} + yj;) and is the maximum of u; on the
budget set Bf(q*); for each i ¢ Ty, x7 < e; + W (q*)z} and is the maximum
of u; on the budget set B¢ (¢*);

(i) Sier 2 = 0.

For the following result, we assume that
Assumption D wu; is continuously differentiable on the interior of X; with a
non-vanishing gradient vector.

Exercise 19 Let f be a strictly monotone quasi-concave C' function on an open
convex set U. Prove that all partial derivatives of f are positive on U.

Proposition 28 Under Assumptions C, D, S, NSS and P, let (¢*,x*, z*,y*) be
an entrepreneurial equilibrium with x} € intX; for allt € Z. Then, for all k € IC,

Ty Y = Tiky " Yk YUk € Vi
where ;) = V) (z]y)). We also have Whg*)mr =0 for alli € T.

This proposition means that the optimal production for the owner of the firm
k is the one which maximizes the profit for the personal price 7 = V) (2}, )-
Note also that the personal price 7} is a present value vector compatible with the
no-arbitrage asset price ¢*.

Proof. Let us assume that there exists k € K and y;, € Y) such that W;‘(k) Y >
Ty Ui For t € [0,1], let 2,y = eim) + W(q")2jy + (L= D)ys + tyn) = ) +
t(yx —y;). For t small enough, xﬁ(k) belongs to X and to Bf(¢*). Furthermore,
Tik) - (ZL‘E(k) — Tjyy) = tmjgy - (yk — yi) > 0. So, since 7}y = Vg (2jy,), one
deduces that w) () > wi) () for ¢ small enough, which contradicts that
(> Zi(r)> Yi) 18 @ maximum of u; in the budget set BE(q%).

For the second assertion, the reasoning is the same as the one for an exchange
economy, that is, if W*(¢q*)mj,, # 0, let ¢ = W'(¢")7};y. Then for ¢ € [0, 1],
let x4y = ey + W(a")(2i) +1C) + yf = iy +tW(g")¢. For ¢ small enough,
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T belongs to X and to B¢ (g*). Furthermore, Ty (Tiy — Tigy) = i -
Wi(g*)¢ = Wt(q*)ﬁf(k) - ¢ > 0. So, since 7}y = Vuy)(2]y,), one deduces that
ui(k)(m:f(k)) > Uik (2},) for ¢ small enough, which contradicts that (7, 25, Yi)
is a maximum of u; in the budget set BY (¢*).Note that the above argument works
it Consumer ¢ is not in Zy by putting y; = 0. O

From the above result, we deduces two consequences. First, if the market is
incomplete, then the personal prices are not always colinear, so the consumers
may not use the same criterion to choose their optimal production. Hence, the
global production may not be efficient in the sense that ), . y; does not belong
to the boundary of the total production set Y = 3", . Vj. Indeed, if the sets Y}
are smooth (the transformation function is C'), let us assume that the personal
prices of two owners differ, that is () 18 DOt colinear to ﬂ;‘(k*). Then if the total
production >, ;. is efficient, there exists a price 7 € RY \ {0} such that the
total production maximizes the profit with respect to = on Y, which implies that
the individual productions y; maximize the profit over the production set Y.
Then, Wj(k) and W;‘(k*) would be colinear to 7, which leads to a contradiction.

Nevertheless, note that if the production set Y} is included in the marketable
set, that is the range of W (g*) then the choice of the optimal production is
independent of the owner. More precisely, assume that Y, = Y, — RE with
Vi, € ImW (¢*). Then, since for all i, W(¢*)7; = 0, for all w € ImW (¢*), for all
pairs (i,i') € T x I, (7} —m};) - w = 0 and since m; € RY, one can conclude that
the solutions of maximizing 77 - y on Y, do not depend on .

Exercise 20 Provide a proof of the above remark.

So, the disagreement occurs only if the firm offers new transfert possibilities
to its owner with respect to the financial market.

The second consequence is the fact that the owner-consumer can decompose
her choice into two part: choosing the optimal production according to her per-
sonal price and choosing the optimal consumption and portfolio according to the
asset price. More formally:

Proposition 29 Under Assumptions C, D, S, NSS and P, let q be an asset price
and let Consumer i be the owner of firm k. Then (Z;, %, i) € intX; x R7 x Y},
mazimizes her utility function over the budget set BE(q) if and only if:

a) T; satisfies T; < e; + W(q)Z; + Jx and mazximizes u; over the set
{z;e X;|FzeRT a; <e; + W(q)z + Ui}
b) yr mazximizes ;- yr over Yy where 7; = Vu;(Z;).

Exercise 21 Show that the previous results can be extended to the case of a con-
sumer who owns more than one firm. If (i) C K is the set of firms owned
by Consumer i, show that at an entrepreneurial equilibrium, ZkelC(i) v 15 effi-
cient for the production set Zke’c(i) Y, and Zke’c(i) Y mazimises the profit on
ZkelC(i) Y. for the personal price 7.
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7.3 Partnership

In this section, we deal with the question of the joint management decision among
stockholders or partners of a firm. Indeed, in the previous section, we have
seen that consumers may disagree about the criterion to decide the best possible
production since they disagree about the actualisation factor or about the price
for which the firm maximises its profit.

As previously, we have a nominal asset structure represented by the D; x J
payoff matrix V. The consumers have also the opportunity to invest at the first
period to buy a share 6;;, > 0 of the firm k. Then, the stream of income associated
to this investment is 0,y if the production y, € Y} is chosen by the partners or
shareholders at equilibrium.

Then, for given productions (yi) € [[,cx Yr, the budget set of Consumer i is
then:

BP(q) = {x €X;|3(2,0) e R xR 2, <e; + W(g)z + Z@ikyk}
ke

It is then reasonable to assume that the consumers maximize their utility
functions over this budget set, but, as shareholders, it is also reasonable to assume
that the choice of the production y; € Y) is Pareto optimal for the shareholders
in the following sense.

Let (Z,2,0,9,q) in [[,c; Xi X (RY)E x [0, 12 x [T, o5 Yi X R such that (z, )
is feasible, for all i, Z; € BF(q), &; < e; + W(q)Z + Y pex Or¥i and 3,0, % = 0,
Zke’c 0;x = 1 for all 7 . Then ), is not Pareto optimal if it exists y, € Y, such
that u;(Z; + O (yx — x)) > wi(Z;) for all i with at least one strict inequality.

Note that the large inequality is satisfied if Consumer ¢ is not a shareholder of
firm k since 0;; = 0 and then the strict improvement is only for shareholders. In
other words, this criterion involves only the shareholders.

The next proposition shows that a production g is Pareto optimal for the
shareholders if and only if it maximizes the profit on Y} for some non-negative
combination of the supporting prices of the shareholders 7; = Vu;(;).

Proposition 30 We posit Assumptions C, D, S, NSS and P and we strengthen
Assumption C by assuming that u; is strictly quasi-concave on the interior of X;.

Let (2,%,0,7,9) in [],crintX; x (R7)E x [0, 17% x [T, Y X RY such that
(z,9) is feasible, for all i, z; € B (q), & < e; + W(D)Z + Y pex 0,1y and
DoierZi =0, > e b = 1 for all i. Let k € K and Z(k) = {i € T | 0 > 0}.
Uk 1s Pareto optimal among the shareholders Z(k) if and only if it exists some
coefficients a € Ri(k) \ {0} such that g, mazimises the profit on Yy for the price
zz‘ez(k) ;07 where T; = YV (Z;).

Proof. Let us assume that g is Pareto optimal among the shareholders Z(k).
Let Pi(z;) = {& € X, | wi(&) > u;(%;). Then, from the very definition, for all

i € I(k), 04(Ye — 9r) N (Niczy(Pi(25) — ;) = 0. Since 0y, €]0,1], 0 (Vi —
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Ux) = Yr — Y. Since the sets Y, — g and (ﬂiez(k)(Pi(:f'i) —:T:Z)) are convex,
nonempty and disjoint, there exists 7 € R” \ {0} such that sup7 - (Y — 71) <
inf 7 - (Miezy(Pi(Z;) — Z;)). Since —R? C Y}, one deduces that 7 > 0. Since
0 € Y, — 7 and 0 belongs to the closure of (ﬂiez(k)(f’i(@) — jl)), one deduces
that the above sup and inf are both equal to 0. So, -y, > 7 -y, for yx € Yi. By
a continuity argument, one also deduces that the infimum over the intersection
of the closures of the cone generated by (P;(Z;) — Z;) is also equal to 0. But,
since u; is differentiable and quasi-concave, the closure of the cone generated by
(Py(z;) — ;) is the set {£ € R? | ;- € > 0}. From the Farkas Lemma, or
by noticing that 0 is a solution of the following minimisation problem and by
applying the Karush-Kuhn-Tucker Theorem,

Minimize 7 - £
7€ >0 for all i € Z(k)

one deduces that there exists § € Ri(k) \ {0} such that m = >, 7, Bim;. So, it
suffices to take o; = f3;/0i.

Conversely, if there exists o € Ri(k) \ {0} such that g, maximises the profit
on Y}, for the price ZieI(k) a;0;,7;. Let us assume that there y; € Y, such that
ui (% + O (ye — Ur)) > us(Z;) for all i € Z(k) with at least one strict inequality.
Then y — ¥ is a non zero vector and, from the strict quasi-concavity of u; for all
i, wi(Z; + 30 (ys — Yr)) > wi(Z;) for all i € Z(k). Then from the differentiability
of u; and the quasi-concavity, we get that 7; - %é,-k(yk —gr) > 0 for all i € Z(k),
SO (Ziez(k) a;Oux7;) - (yx — yr) > 0, which contradicts the fact that gy is profit
maximising. 0.

Even if this Pareto optimal criterion is valuable, we remark that it is to weak
to provide a normative criterion for the joint decision of the shareholders since
all coefficients o € Ri(k) \ {0} are acceptable but the production maximizing the
profit for the associated price are very different, so there is a large indeterminacy
of the final output.

That is why we introduce the notion of constrained Pareto optimality taken
the point of view of a planner. The planner can choose the portfolios and the
productions but she is constrained by the existing financial market for the trans-
fert of wealth among the two periods and among the state of the world at the
second period.

Let us define first a constrained feasible allocation.

Définition 15 Let us consider (z, 2,0, y) € [[,cr Xix (RT)Ex[0, 1]5* X [T, cxc Ya-
Then this plan is constrained feasible if:

() D iez Tio = Diex €io + Dpex Yko:
(11) for all (Z,f) €1 x ID), Tie = €4¢ + Vé -z + ZkelC Gikykg;
(i) ez 2 = 0;
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(iv) forall k € IC, >, .7 0 = 1

Note that the set of constrained feasible allocation is not convex due to the
products 0;,yge for each node, firm and state. We now derive the notion of
Constrained Pareto Optimality.

Définition 16 A plan (z,2,0,y) € [[.cr Xi x (RY)T x [0, 1]7% x [ Y is
Constrained Pareto Optimal if it constrained feasible and it does not exist a
constrained feasible plan (2/,2,0",v') € [[,c; Xi X (RT)% x [0, 7% x [T, Vi
such that wu;(x}) > w;(x;) for all i € Z and (u;(2}))ier # (wi(x;))iez

Now, we characterise the first order condition for a constrained Pareto optimal
allocation.

Proposition 31 We posit Assumptions C, D, S, NSS, P, and P’.

Let (2,2,0,7) € [[er intX; x (RT)E x [0, 1/7%% x [T, Ye be a Constrained
Pareto Optimal plan. Then for all k € KC, yp. maximises the profit over Yy for the
price T =y . 7 Osx 7 where 7; = Vu;(z;) for alli € T.

This means that if the shareholders wish to achieve at least a constrained
Pareto optimal allocation, then they must choose as a criterion for the choice
of the production the maximisation with respect to the price which is a convex
combination of their personal prices with the coefficient given by the shares in
the firm.

Proof. For all i € Z, let (20,2,0,y) € RT x (RY)% x [0, 1% x [],x Vi and
let us define the function u; by

ﬂi($07 2, 97 y) = U; | Ts0, <ei§ + ‘/{ “ 2+ Z elkyk’é)
kGIC éEDl

Since z; belongs to the interior of X;, this function is well defined and continuously
differentiable in a neighbourhood of (Zy, z, 6, 7). Let C' be the affine subspace of
RT x (R7)T x RT*X x (RP)X defined by the following equation:

Doiez Ti0 = Dpek YKo = D iz €i0
Ziez 2z =0

forall k € K, Y .70 =1

If (7, 2,0, 7) is Constrained Pareto Optimal then (0, %, z, 0, ) is a solution of the
following maximisation problem:

Maximise ¢

t + (%o, 2,0, 9) — Ui (w0, 2,0,y) <0, forallicT
(20, 2,0,y) € C

Tk:(yk) <0, forall k e K

—0i < 0,0 <1 forall (i,k) eZxK
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Indeed, if not, we could find a constrained feasible allocation for which the utility
level of all consumers be strictly greater than the one at z;.

We also remark that the Mangasarian-Fromovitz constraint qualification con-
dition is satisfied. Indeed, let A,, be the vector —1p, let A,,, = #K/4Z, A,, =07
and Ay, = Oc. Let w = ((Ayy)iez, 0zx7, 0zxic; (Ay, Jkek). Let us choose wy
strictly greater than the maximum over i of |w - Vi;(Zo, 2,0, )|. Then the vector
(—wp, w) satisfies the MF condition.

So, there exists KKT multipliers associated to the solution (0,7, Z,0,%). Let
a € Rﬁ be the multipliers associated to the constraints ¢ + ;(Zo, z,0,7) —
t;(o, 2,0,y) < 0. Let A be the multiplier associated to the constraints ), 7 0 —
Y kex Yk = D €io- Let p € RY be the multipliers associated to the constraints
Tii(yr) < 0.

From the KKT theorem, one deduces that:

o g;; = forallie”Z
02—)@—;%% for all k € K

Sier aekg‘—z = ngy—ﬁ for all (k,&) € K x D,

From which, one deduces that VT () is positively colinear to the vector

1
g O < 7 (”“)>
, Puy
i€l Bz, (Ti) ¢eDy

So, VT, (i) is positively colinear to the vector Y, 0;xVu;(Z). This means that
yr maximisez the profit with respect to the price ZZEI 0;xVu;(Z) over Y. O

Example: Consider a one-good two period production economy with two states
of nature at date 1 adn two agents ¢ = 1,2. The agents’ utility functions, which
do not depend on consumption at date 0

ul(oy, ) = 5yfol + @y, u(af,a3) = o +5y/a3

Both agents have 1 unit of the good at date 0 and no resources at date 1: e! =
e? = (1,0,0). Two technologies are available with the following production sets:

YE={(y, vl y3) € R |y < 0,91 <2y, y3 < gyt +2ys < 2y3}
V2={(y3,v}.v3) € R® | 3 < 0,7 <ud,v5 <2u3,2y7 +v3 < 2y3}

There is no financial market. Each agent chooses a share portfolio (0%, 6%) € [0, 1]%.
We can show that y; = (—1,0,1) and y» = (—1,1,0) with the portfolios
0! = (0,1) and 6 = (1,0) is a partnership equilibrium which is not productive
efficient and constrained Pareto suboptimal.
We can show that ¢ = (—1,2,0) and g» = (—1,0,2) with the portfolios
0' = (1,0) and 0% = (0, 1) is a partnership equilibrium which is Pareto optimal.
We can prove that (2! = (0,2,0),2% = (0,0,2), 91,92, 7 = (1,1/2,1/2)) is a
contingent market equilibrium.
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Exercise 22 We consider an economy with IC technologies represented by the
productions sets which are half line in the space RP. For all k € K, there exists
n* e ]RI_?1 such that:

YV = {(uh, (yf)een,) € R” | (y)een, = —n"yl, v§ < 0}

There is only one asset, the riskless bond with a return equal to 1 for each & € Dy
and a price q. FEach agent chooses the quantity b* of bond and the shares (6% )kex-
We put the standard assumption on the utility functions and we only consider
nterior consumption in Rﬂ)ﬂ L

1) Prove that at equilibrium all partners agree on the optimal plan for each ven-
ture. Show that at an equilibrium, the economy functions as if each agent chose
the scale at which to operate each technology, the global scale being simply the
sum of the levels chosen by each individual.

2) Show that the set of constrained feasible allocations for a planner is conver.
3) Prove that a partnership equilibrium is constrained Pareto optimal.
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