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0.1. C13. (Cobb-Douglas utility function.) For all x = (x1, x2) 2 R2
+, the utility function representing Cobb-

Douglas preference relation takes the general form u(x) = x
↵1
1 x

↵2
2 , with ↵i=1,2 > 0.

a) Show that the utility function defined by v(x) = u(x)
1

↵1+↵2 , 8x represents the same preference as u. Show

that the utility function defined by v
0
(x) = lnu(x), 8x represents the same preference as u. [More generally, show

that the preference relation represented by a utility function is preserved under strictly increasing transformation.]

b) Determine and draw the indi↵erence set I(y) and upper contour set U(y) for all y 2 R2
+, for the following

three cases: i) ↵1 = ↵2; ii) ↵1 > ↵2; and iii) ↵1 < ↵2.

c) Show that u(x) = x
↵1
1 x

↵2
2 is: (i) continuous; (ii) di↵erentiable; (iii) strictly increasing.

d) Show that u(x) is strictly quasiconcave. [Show that (i) quasiconcavity is preserved under strictly increasing

transformations (i.e., it is an ordinal property). Show that (ii) u(x) is (strictly) concave i↵ its Hessian matrix Hu(x)

is negative (semi-)definite 8x, i.e., z ·Hu(x)z  0 (resp. < 0), 8z 2 Rl
, 8x.]

e) Let p = (p1, p2) >> 0 be a price system and w the wealth of the consumer with Cobb-Douglas preference.

Determine the demand of the consumer. [Show that the utility maximization problem is invariant under strictly

increasing transformation of the considered utility function.]

f) Provide a graphical representation of the solution to the previous utility maximization problem in the (x1, x2)-

plane. Assume that the price of good 1 changes; draw the associated supply curve. Assume that the wealth changes;

draw the associated wealth-consumption curve.

Proof. ⇤
0.2. C12. Consider a twice continuously di↵erentiable utility function u : R2

+ �! R representing a locally nonstati-

ated consumer’s preference. Let p >> 0, and w > 0. Prove the following results:

a) Convexity of the preference, that is quasiconcavity of the utility function u, implies that at any bundle

x = (x1, x2), the marginal rate of substitution MRS12(x) =
@u(x)@x1

@u(x)@x2
is decreasing in x1.

b) Show that (i) u is (strictly) concave i↵ u(x
0
)  u(x)+ru(x)·(x0�x), 8x, x0

(resp. u(x
0
) < u(x)+ru(x)·(x0�x),

8x 6= x
0
); (ii) u is (strictly) quasiconcave i↵ u(x

0
) � u(x) (and x

0 6= x) implies ru(x) · (x0 � x) � 0 (resp. > 0).

c) Show that u is (strictly) quasiconcave i↵ its Hessian matrix Hu(x) is negative (semi-)definite on kerru(x),

8x, i.e., z ·Hu(x)z  0 (resp. < 0), 8z 2 kerru(x), i.e. 8z s.th. z ·ru(x) = 0, 8x.
d) Prove that local nonsatiation of the represented preference implies Walras’ law, i.e., show that if x̄ 2 x(p, w) is a

solution to the utility maximization problem x̄ = argmax{u(x) |x 2 Bp,w}, then p.x̄ = w. (Hint: by contradiction.)

e) (Necessary conditions.) Prove that if x̄ is a local extremum, then x̄ satisfies the Kuhn-Tucker conditions,

i.e., ru(x̄) = �p and �(p · x � w) = 0. Prove that if u is monotonous, then � > 0. (Prove that the Kuhn-Tucker

conditions are equivalent to MRSij(x̄) =
@u(x̄)@xi

@u(x̄)@xj
=

pi

pj
, 8i 6= j.)

f) (Su�cient conditions.) Let x̄ satisfies the Kuhn-Tucker conditions. Show that: (i) if u is concave, then x̄ is a

global maximizer; (Hint: by contradiction, using b) i).) (ii) if u is monotone and quasiconcave, then x̄ is a global

maximizer. (Hint: by contradiction, using b) ii).)

g) Show that u strictly concave implies x̄ is unique. (Hint: by contradiction.)

Proof. ⇤
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