Logic and Sets
Final exam 2023 (2h)

Name: ' QEM/MMEF

Exercise 1 (5pts)

Indicate for each of the following assertions if they are true (T) or false (F).

1. The strong induction principle implies the weak induction principle but not the
converse.

e

BU (NierAi) = Mierf(BU A;) )

2.
3. Ax B=0isequivalent to (A=0VB=0). |
4 fHBUC)=fHBUFNO) T '
5. f(ANB)=f(ANf(B) T
6. The function f : ]0,c0[ = R defined by f(z) = log z is a bijection. S
7. The function f : R — [—1, 1] defined by f(z) = sinz is a surjection. i
8. The function f : R — R defined by f(z) = z* + 42® 4+ 2 is an injection. =
9. Let f:A—>B,g:B—=>C. If g-o f is bijective, then f, g are bijective. r\:
10. Let f: X — Y. Then f~'(A) exists for any A C X if and only if f is a bijection. o
11. The relation aRb (a divides b, with a,b € Z) is reflexive, complete and transitive. {—
12 Countablé unions of countable sets are countable. |
13. Z is equipotent with N. s
14. R is equipotent with Q. F
15. N* is countable for all k € N. |
16. The set of irrational numbers is countable. [~
17. 2 is uncountable. i
18. R? is equipotent with R. o B
19. It is possible that an infimum exists but no minimal element exists. T
20. It is possible that a minimal element exists but no infimum exists. T
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Exercise 2 (4 pts)

Consider the following matrix:

2 0 0 0
g 8- =D
A_0—1'11
0 2 8 —1

1. (3pts) Find its eigenvalues, together with their algebraic and geometric multiplicities,
amd find the eigenvectors.
2. (1pt) Is the matrix diagonalizable? Justify your answer.

Exercise 3 (3pts)
Let E be a set and R the relation on the power set P(E) defined by
ARB if {A=B or A= B}

for any A, B C E, where B is the complement of B in E.
1. Show that R is an equivalence relation.
2. Take E = {1,2,3}. Write P(E) and the equivalence classes of R on P(E).

Exercise 4 (3 pts)

Let f : X — Y. Show that f(f~}(B)) C B,VB C Y, and show by an example that
equality may not hold. Under which additional condition on f do we have equality?

Exercise 5 (4pts)

Determine, if they exist, the set of lower bounds, upper bounds, the minimal and maximal
elements, the infimum and supremum of the following subsets of R:

1
1. rrzeR
{1+a:2 = }

2. {e" : n € N}

Same question for the following subsets of Q: .

n
1 {n?-l—l .nEN}

‘2. {er:§:>\/§}
- Note: 0 € N.

Question (1pt)

Expléin what is the continuum hypothesis.
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