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Introduction

Example: pricing of vanilla options in the 2d Black-Scholes
model

We consider the following 3-dimensional dynamics (X;)i>0 = (X7, X}, X?)i>0
with (X0, X}, X3) = (1,28, 23), under the risk neutral probability:

dX? =rX?dt XP=¢",

dX} = rX}dt + o1 X} dW} — X} = glelr—oi/Dtto

dX} =rXEdt+ o2 X7 dW? XP= afelr=os/Dtoa W
where

(Wi)izo = (WL WE)i0

is a 2d Brownian motion such that

d< WY W? >,=pdt, pec[-1,1].

We write W2 = pW}! + /1 — p2W2 where (W', W?2) is a standard Brownian
motion.
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Introduction

Objective: Pricing at time ¢ of a financial contract with vanilla payoff h( X1, X2).
Its price is given by the risk neutral rule:

pe=e "TOER(X ], X7)|FY].

o Example: Best of Call with payoff function h(z!,2?) = (max(a!,2?) — K) .

o Key idea: Observe the following relation for i = 1,2

Xi X
L — (r=of/2(T=t)toi(Wr=W,) & ZT=t 4 is independent of F)"

7 7
X 4
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Objective: Pricing at time ¢ of a financial contract with vanilla payoff h(X4, X2).
Its price is given by the risk neutral rule:

pe = e "TIER(X ], X7)|FY).
o Example: Best of Call with payoff function h(z!,2?) = (max(a!,2?) — K).

o Key idea: Observe the following relation for i = 1,2

Xi Xk .
ZL o /2)(T=t)toi(Wr=Wy) & 2Tt 4 is independent of F)"
X} z{

Hence, one writes

— e—’r‘(T—t)]E

ol
[n(o ¥ 5]
1 275
Z g (w1,22)=(X},X7)
e " TIRp(Z1, Zo)]
where (Z1, Z5) ~ N(0, I5) and
é)(T—t}-‘rol\/T—tzl , m26(7‘—é)(T—t)—&-rrg\/T—z‘,(,uz1 +\/1—p222)).

o(z1,22) = h(xle("'_
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Introduction

The previous quantity writes as E[X], for some random variable X, which can be
estimated using the Monte Carlo estimator

_ _ 1 M
Xy =Xy = MZXH,
n=1

where (X,,)n>1 is an i.i.d. sequence with the same law as X.
Almost sure convergence

o We assume that E[|X|] < co.Then, according to the Strong Law of Large
Numbers (SLLN), one has

_ 1 M
P (XM = M;Xn —>E[X]> =1.

@ Convergence of distribution function at each point: for any x € R,

M
1
Fy(z) = i Z lix, <oy 2 P(X <12), as.

n=1

and, according to Glivenko-Cantelli's theorem, the convergence is uniform

sup |Far(z) — F(x)] = 0, a.s.
T€R
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Introduction

@ SLLN may hold uniformly on a class of functions. Let ¢ be a positive integer,
for two positive real numbers a, @, define the vector space

A= {f s f(x) = —g\/Zag@g(x)/\a, for some ay ER}.
=1

spanned by the functions (®¢)1<¢<,, truncated by a,@. Then, one has

sup

1 M
i > f(X) - E[f(X)}‘ —0, a.s.
feA i—1

For a proof and other extensions of this result, please refer to:
A distribution-free theory of nonparametric regression, Springer Series in
Statistics, 2002, by L. Gyorfi, M. Kohler, A. Krzyzak and H. Walk.
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Rate of convergence

Fluctuations of X around E[X]

o If 02 := Var(X) < oo, in other words, if X € L?(P), then the Central Limit
Theorem (CLT) also yields

VMo (X — E[X]) = N(0,1), M — oo,(= means convergence in law.)

or equivalently for every bounded continuous function h: R — R,

E[h(VMo~' (X — E[X]))] — /D%h(x)emli(ﬁ;%)dw
or equivalently for every z € R
- E2 21
P (\/MU (X —E[X))) € (21722)> — / exp(f?)ﬁdx.

2 is replaced by its empirical

These results are still valid if the variance o
estimator

1 & _
o2 = i Z(X" - Xu)%
n=1
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Asymptotic Confidence Interval for the M-C method

e In particular, for J§, := [XM — aa%;XM + aa%}, one has

P(E[X] € J%) =P (m'XMUME[X” < aa> S P(IN| < aq) = 20(aa)—1

with N ~ N(0,1) and @ its distribution function. Then, one chooses
ao = @71 (H2) so that 20(a,) — 1 = o

a | 90% | 95% | 99%
aq | 1.65 | 1.96 | 2.58

e For I, := [Xy — Ca-A, +00) and ¢q = ®~1(a), one has

Xar — E[X]
oM

P(E[X] € I) =P (\/M < ca> — ®(cq) = .

a | 90% | 95% | 99%
co | 1.29 | 1.65 | 2.33

The Monte Carlo method is very robust, the convergence is independent of
the dimension but slow. To reduce the error by 2, one has to multiply the
number of simulations by 4!
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What about the convergence in the CLT?

The CLT says that P (\/Mw < :v) — ®(x) as M — +oo for all z € R.
From the second Dini's theorem,

sup |P (\/M(XM_E[X])) <x) —®(x)] =0, M— 400

z€R a

Question: What is the convergence rate?

Theorem, Berry-Esseen (1941-1942)
There exists a positive (universal) constant C' such that

‘ (X —EBIXD) N a0 E[|X — E[X]|"]
Zlelﬁ P (\/M . S.,> O(x)| <C P .

Remark: The rate 1/v/ M is optimal and cannot be improved in general.
Theorem, Edgeworth expansion
Still if X has a density, there exist universal polynomials (Pg)1<¢<z, such that

P (\/M(XM]E[XD) < x) — () =Y Alf P,(0)[®](z) + O(M~E+D/2),

g
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Introduction

Coming back to the price of the contract with payoff h(X1, X2), the Monte Carlo
estimator is

M
_ 1 —r(T— n n
pM(Ila‘TQ):: MZG T t)SD(Zf )722( ))a

n=1

e TN Z(n) Z(n)) (w1, 22))°

where
90(217 Zg) — h(xle(r—Ugi)(T—t)‘FUl\/T—tZl’xQB(T—%%)(T—t)‘FUQ\/T—t(PZH-w/1—p222))
and (2™, Z{™) << areiid. random variables with law A(0, I).

o Don't forget to compute the confidence interval: For M large enough, one has

O M O M

) +a
ampM am

P(pi(z1,22) € I3y) = with I, == |pm — a
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Some results to compute Greeks

Our aim now is to provide a general framework to compute the derivatives of
x — E[h(X7)]
where (X7 = zgexp((r — 02/2)t + cW4))i>0 follows the B.-S. dynamics.

Theorem: Differentiation under Expectation

Let ¢ : I x 2 — R be a random function B(R) ® A-measurable defined on a given
probability space and I C R an interval.

a) Local version: Let z¢ € I. If ¢ satisfies the following conditions:
o Vz €1, p(z,.) € L'(P).
e Oz¢(xo,w) exists for almost all w.
o IV € L}(P) sit. Vo € I, led=elo.ll <y (y).

Then, z — p(z) := E[p(x, w)] is well-defined, differentiable at 2y € I and

an(LO) = E[aﬂcw(l'o) w)]
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b) Global version:
o Vz eI, p(z,.) € LY(P);
o Oyp(x,w) exists for all z € I and almost all w.
o Y € LY(P), s.t. Vz € I, one has |0x¢(z, w)| < Y(w).

Then, x — p(x) := E[p(x, w)] is well-defined, continuously differentiable on
I and

Ozp(x) = E[az‘fo(x7 w)]

Noufel Frikha (noufel.frikha@univ-parisl.fr) Université Paris 1 Panthéon-Sorbonne January 2026 13/81



Application to Delta and Gamma hedging

Proposition:
Q@ Ifh: R, — Ris C! and i/ is of polynomial growth then pq is also C*:

phla) = |1 (xp) 3] |

@ If h is Borel measurable and of polynomial growth then py is also C':

i) =B [(xp) 7.

xoT

Noufel Frikha (noufel.frikha@univ-parisl.fr) Université Paris 1 Panthéon-Sorbonne January 2026 14 /81



Proof:

Q 9,h(X%) =h(X%)0, X% = h'(X3)X% /x and since b is of polynomial

growth for all € [0, R], R > 0, one has

10,h(XE)| < C(1+|XE[P)eVT < C(1 4 RPePVT)eWT ¢ L1(P).

@ For h smooth then extend by approximation

o2
O:E[R(XT)] = E[N (XF)el"~F /T

V)

z

:/h/(xe(rfL;)Twz)e(T*%)T*”76 iy »

2nT
IBP (r=VT4ozy 2 22 dz
= h 2 —~ _e 2T
/ (we )ZEUTe 21T
x WT
=E[h(XT)—=].
[h(XF) 2]
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Let Y(0) be a random variable depending on a parameter § € R? with a positive
density function y + p(#,y) w.r.t. a reference measure i € R?, that is,

E[h(Y(9))] = y h(y)p(0,y) u(dy).

Proposition: Assume that R? 3 6 — p(0,y) is continuously differentiable and
satisfies for all 6 € © C R4

100p(0,4)| < P(y),  with / S)uldy) < co.

Then, for any bounded and measurable map A : R? - R and any 6 € O, it holds

0E[R(Y (0)] = E[h(Y (0))0s log(p(0, y))y=v (8)]-
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Proof: Very simple. Write E[h(Y (0))] = [ h(y)p(0, y)1(dy) and use Lebesgue’s
differentiation theorem to get

Oop(0,y)

DE[R(Y (0))] :/h(y) p(0,y) ©

Examples:
o If Y ~ P(A), then one has

HE[R(Y)] = E[A(Y)(og(Y) —1)]

o If Y ~ N(m,0o?), then one

5

Y —m 1(Y—m)2_1]]
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We have seen some Monte-Carlo estimators with some explicit asymptotic control
of the error. But they are valid only for M large enough.
Question: How to choose M in practice? Difficult question...

We here want to develop some non-asymptotic point of view.

Reference: Concentration inequalities, a non-asymptotic theory of independence
by S. Boucheron, G. Lugosi and P. Massart.

A concentration inequality writes as follows: VM > 0,Ve > 0, one has
P(Xy — E[X] > ¢) < exp(—M¢(e))
or B
B(|1Xar — E[X]| > €) < 2exp(~Mo(e))
where ¢ : R — R, is a non-decreasing, convex function s.t. ¢(0) = 0.
Typical examples:

e ¢(c) = B~ 1e? corresponds to the Gaussian concentration regime.

e ¢(g) = B~ 'e corresponds to the Poisson/Exponential concentration regime.
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Non-asymptotic control of the Monte Carlo error
Some non-asymptotic control for bounded r.v. 1/2

@ Proposition: Let X be a r.v. such that P(X € [a,b]) =1 for some
—00 < a < b < 400. Then, one has

(b—a)?

<
Var(X) < 1

Proof:

Notice that for any p > 1,

infyer | X — 2P <X — (a+b)/2|P < max(|la — bP/2P;|b — a|?/2P) so that for
p = 2, one gets

Var(X) = E[(X ~E[X])’] = inf E[(X —2)°] < (b —461)2.
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Non-asymptotic control of the Monte Carlo error
Some non-asymptotic control for bounded r.v. 2/2

@ Proposition (Hoeffding's inequality): Let (Xy,---,X) be a sequence of
i.i.d. random variables satisfying:

vm€{17"'7M}7 P(Xme[am7bm]):1

Then, for every € > 0, one has

Me?
(' Z A Bl = ) e <_2<M—1 S b — am|2>>

In particular, if b,,, = b, a,, = a, we obtain

M
1 Me?
— — > < - .
IP’<| § Xom E[Xm“_e) _QeXp( 2|b_a|2)
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Proof: By convexity of x +— exp(Ax), one has
e)\(ﬂb-‘r(l—,@’)a) < Be)\b + (1 _ ﬁ)e)\a
so that taking

Xm —E[X,] —
b—a ’

b— (Xm — E[Xm])
b—a

8= sothat 1—8=

which satisfies 5b + (1 — 8)a = X,,, — E[X,,,], we get

exp(A(Xn — E[X,.])) < 22 _EPZM] x4 B (X’;__f[Xm])eM.

Taking expectation in both sides of the previous inequality yields

Elexp(MXm — E[Xn]))] < F(A) = pe*” + (1 — p)e*®,

—a
b—a-

with p :=
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Note that the function f satisfies:

FO) = (pe=) 4 (1 - p),

£ = e (pbe** + a(1 - p)),
f//()\) — e)\a(pre/\(b—a) + a2(1 _p)).
so that
2 _TVF) = 102
_ (b—a)’p(1 — p)er=)
(perb=a) + (1 — p))?
_ (b—ap
- 4

since 4p(1 —p)erb=a) < (perd=) 4 (1 —p))2. Hence, for some A € [0, ], it holds

log(f(1)) = log(F(0)) + -2 z2,

_ 2
At %c’ﬁ log(f(M) a3 X < %

f(0)
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We thus conclude that
Elexp(M( X, — E[X,,])] < exp(A*(b— a)?/8).
By the exponential Markov inequality, for any A > 0, one gets
1 & iy
P(— > (X — E[Xy]) > ) < e MER[e* Zhar (Xr—EIXLD)]

M
k=1

M
_ ef/\Ma H E[eA(kalE[Xk])]
k=1

2(p_ a2
ef/\ME‘FM

<

Optimizing with respect to A the right-hand side of the last inequality allows to
conclude the proof.
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Non-asymptotic control of the Monte Carlo error
Gaussian concentration inequality

References: Gross (1975), Ledoux (1999), Villani Optimal transport: old and new
(2009).

Definition: Let u € P(R?). For a Borel function f : RY — R, we introduce the
Entropy of f w.r.t. the measure p:

Ent,(f) = Epulflog(f)] = Ep[f]1og(E,[f])

Observe that Ent,(f) < oo iif flog(f)+ is p-integrable and since x — xlog(z) is
convex, Ent,(f) > 0.

Definition: A measure u € P(RY) satisfies the logarithmic-Sobolev inequality with
a constant C, if for all smooth functions (C} is enough), one has:

Ent,(f) < CLEL[|Vf]?

Proposition: If u € P(RY) satisfies the logarithmic-Sobolev inequality with a
constant C}, then for all 1-Lipschitz function f one has

cux?
1

YA >0, E,(eM) < ARt

Proof: Herbst's argument.
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Proof: Assume first that f € C}(R%,R) with |V f|s < 1. Set F = exp(3Af),
then F? € C}. By the Sobolev inequality, one has
Ent,(F?) = Eu[AfeM] — E,[eM]log(E,[eM])
= M)~ HO o H(3)

< CHEMHVF‘Z] = CHEM[Z|VJC|2€V]

/\2
< CuHO)

where H(X) := E,[e*]. Set K()) := 1 log(H(A)) so that
K'(\) = % {/\P;;((;\)) - log(H()\))} < %

and K (0) = limyo § log(H (X)) = E,[f] since H(0) =1 and H'(0) = E,[f].
Hence, K(\) < A +E,[f] and H(\) < exp(Z=A% + AE,[f]). An
approximation argument allows to extend the proof to f 1-Lipschitz.
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Gaussian concentration inequality

An important example of probability measure that satisfies the log-Sobolev
inequality is the Gaussian measure

2
Ta(de) = (2m)~ exp(— 2 )
with constant C,, = 2.
Corrolary (Non-asymptotic concentration inequality): Let (Xq, -+, Xas) be a

sequence of i.i.d. random variables with common law p satisfying the Log-Sobolev
inequality with constant C},. Then, for all M > 0, for all € > 0 and for all
1-Lipschitz function f, one has

2

> 5) < 2exp(—Mé—H).
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Proof: For all A > 0, it holds

P <A14 i: f(Xm) ~E[f(X)] 2 ) < e MNR[ATED RN

CurZMm
< e—M/\a—i- r

Then, optimize the right hand side over A > 0, i.e., take A = 25/0#, one gets

P (;4 S F(Xo) — B[F(X)] > 5) < exp(—Me2/C,.)

and conclude taking f = —f.
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Non-asymptotic confidence interval

The previous concentration inequality allows to device non-asymptotic confidence
interval.

Proposition: With probability greater than 1 — a, a € (0,1), for all positive
integer M, for all Lipschitz function f, one has

F(X) ~ ELF(X)] < [f]ry] 21082,

<
M - M

m=1

[l Cylog(2/a) 1 Z
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Non-asymptotic control of the Monte Carlo error
Option pricing of European option in Bachelier's model
o Consider the pricing problem of h(St) in Bachelier's model with dynamics
dS, = rS,dt+odW,, Sy=xz,= Sy ~ Spe"t + ;—j(e?TT - 1)Z, Z ~ N(0,1).

o Assuming that h is Lipschitz continuous, we deduce that

frzm e Th(Soe™ + /% (e2rT — 1)2) is Lipschitz continuous with

[f]L = sup w
ety Tyl

o2

<[l 2r

o With probability greater than 1 — «, a € (0, 1), for all positive integer M, for all
Lipschitz payoff &, one has

(1 _ 6—27‘T)

M
—[h]L\/ %:(1 - e”)\/ C“bgT@/a) < — Z e "Th(S{™) — e "TE[h(S7))]

o2 e \/Cu log(2/a)
—
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Stochastic approximation: why?

o Stochastic approximation schemes appear in many fields of applied
mathematics, especially in mathematical finance for the computation of option
prices and sensivities and also in stochastic optimization/control.

~~ axiomatics and stochastic calculus theory and numerical probability.
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Stochastic approximation: why?

o Stochastic approximation schemes appear in many fields of applied
mathematics, especially in mathematical finance for the computation of option
prices and sensivities and also in stochastic optimization/control.

~~ axiomatics and stochastic calculus theory and numerical probability.

o Pricing and hedging of financial options: In mathematical finance, the price at
time ¢ of a financial contract with payoff h(Xr) at maturity T is given by the
risk-neutral rule

pe = e "TVER(X7)|F.
When the underlying process (X;);>¢ is Markov then

pe=pe(Xy)  with  pe(2) = e TTVER(X7)| X, = 2].

In this case, the delta hedge is based on the computation of the process

0y = Vapi(Xy), t>0.
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Example: pricing of vanilla options in the 2d Black-Scholes
model

We consider the following 3-dimensional dynamics (X;)i>0 = (X7, X}, X2)i>0
with (X0, X}, X3) = (1,28, 23), under the risk neutral probability:

dX? =rX?dt XP=¢",

dX} = rX}dt + o1 X} dW} — X} = glelr—oi/Dtto

dX} = rXEdt+ oo X7 dW? XP= afelr=os/Dtoa W
where

(Wi)izo = (WL WE)i0

is a 2d Brownian motion such that

d< WY W? >,=pdt, pec[-1,1].

We write W2 = pW}! + /1 — p2W2 where (W', W?2) is a standard Brownian
motion.
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Objective: Pricing at time ¢ of a financial contract with vanilla payoff h( X1, X2).
Its price is given by the risk neutral rule:

pe=e "TOER(X ], X7)| RV

o Example: Best of Call with payoff function h(z!,2?) = (max(a!,2?) — K) .
o Key idea: Observe the following relation for i = 1,2

Xi X
L — o(r=of/2(T=t)toi(Wr=W,) & ZT=t 54 is independent of F)"

7 7
X 4

Noufel Frikha (noufel.frikha@univ-parisl.fr) Université Paris 1 Panthéon-Sorbonne January 2026 32/81



Non-asymptotic control of the Monte Carlo error
Objective: Pricing at time ¢ of a financial contract with vanilla payoff h(X1., X2).
Its price is given by the risk neutral rule:

pe = e TTURR(X 7, XT)|FY).
o Example: Best of Call with payoff function h(z!,2?) = (max(a!,2?) — K).

o Key idea: Observe the following relation for i = 1,2

Xi Xk .
ZL o /2)(T=t)toi(Wr=Wy) & 2Tt 14 is independent of F)"
X} z{

Hence, one writes

— e—’r‘(T—t)]E

s
X7y
bt )]
Z g (w1,22)=(X},X7)
e " TIRp(Z1, Zo)]
where (Z1, Z5) ~ N(0, I5) and
('r'—é)(T—t)-&-a“/T—tzl’m2€(’r—é)(T—t)-{—a'gx/T—t(,uzl-ﬁ—\/1—;)222)).

©(z1,22) = h(z1e
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The previous quantity writes as E[X], for some random variable X, which can be
estimated using the Monte Carlo estimator

_ _ 1 M
Xy =Xy = MZXH,
n=1

where (X,,)n>1 is an i.i.d. sequence with the same law as X.
Almost sure convergence

o We assume that E[|X|] < co.Then, according to the Strong Law of Large
Numbers (SLLN), one has

M
- 1
P Xy := M;Xn —E[X]| =1
@ Convergence of distribution function at each point: for any x € R,

M
1
Fy(z) = i Z lix, <oy 2 P(X <12), as.

n=1
and, according to Glivenko-Cantelli's theorem, the convergence is uniform

sup |Far(z) — F(x)] = 0, a.s.
T€R

Noufel Frikha (noufel.frikha@univ-parisl.fr) Université Paris 1 Panthéon-Sorbonne January 2026 33/81



@ SLLN may hold uniformly on a class of functions. Let ¢ be a positive integer,
for two positive real numbers a, @, define the vector space

A= {f s f(x) = —g\/Zag@g(x)/\a, for some ay ER}.
=1

spanned by the functions (®¢)1<¢<,, truncated by a,@. Then, one has

1 M
sup M;f(Xi) —E[f(X)]| =0, as.

For a proof and other extensions of this result, please refer to:
A distribution-free theory of nonparametric regression, Springer Series in
Statistics, 2002, by L. Gyorfi, M. Kohler, A. Krzyzak and H. Walk.
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Non-asymptotic control of the Monte Carlo error
Rate of convergence

Fluctuations of X around E[X]

o If 02 := Var(X) < oo, in other words, if X € L?(P), then the Central Limit
Theorem (CLT) also yields

VMo (X — E[X]) = N(0,1), M — oo,(= means convergence in law.)

or equivalently for every bounded continuous function h: R — R,

E[h(V Mo~ (Xar — E[X]))] — /D%h(x)emli(ﬁ;%)dw

or equivalently for every z € R
\/7 - 22 :L’2 1
P( Mo (X —E[X))) € (21722)> — /Z1 exp(f?)ﬁdx.

2 is replaced by its empirical

These results are still valid if the variance o
estimator

1 & _
o2 = i Z(Xfl - Xu)%
n=1
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Non-asymptotic control of the Monte Carlo error
Asymptotic Confidence Interval for the M-C method

e In particular, for J§, := [XM — aa%;XM + aa%}, one has

P(E[X] € J%) =P (m'XMUME[X” < aa> S P(IN| < aq) = 20(aa)—1

with N ~ N(0,1) and @ its distribution function. Then, one chooses
ao = @71 (H2) so that 20(a,) — 1 = o

a | 90% | 95% | 99%
aq | 1.65 | 1.96 | 2.58

e For I, := [Xy — Ca-A, +00) and ¢q = ®~1(a), one has

popx)e ) b (VI B <) e <

a | 90% | 95% | 99%
co | 1.29 | 1.65 | 2.33

The Monte Carlo method is very robust, the convergence is independent of
the dimension but slow. To reduce the error by 2, one has to multiply the
number of simulations by 4!
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Non-asymptotic control of the Monte Carlo error
What about the convergence in the CLT?

The CLT says that P (\/Mw < :v) — ®(x) as M — +oo for all z € R.
From the second Dini's theorem,

sup |P (\/M(XM_E[X])) <x) —®(x)] =0, M— 400
T€R g

Question: What is the convergence rate?

Theorem, Berry-Esseen (1941-1942)
There exists a positive (universal) constant C' such that

‘ (X —EBIXD) N a0 E[|X — E[X]|"]
Zlelﬁp( M S S.,> O(x)| <C i .

Remark: The rate 1/v/ M is optimal and cannot be improved in general.
Theorem, Edgeworth expansion
Still if X has a density, there exist universal polynomials (Pg)1<¢<z, such that

P (\/M(XM]E[XD) < x) — () =Y Alf P,(0)[®](z) + O(M~E+D/2),

g
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Coming back to the price of the contract with payoff h(X1, X2), the Monte Carlo
estimator is

M
1 n n
Pm (@1, 22):= JTZ_: "(T=0 42 Z{M),

M
— 1 —r(T— n n —
orri= 571 2T 02", 25" — par(wr, @)

where

@(217 22) _ h(mle(r—UQ—%)(T—t)—&-a“/T—tzl’xQB(T—%S)(T—tH»Jg\/T—t(pzl+,/1_p222))

and (2™, Z{™) << areiid. random variables with law A(0, I).

o Don't forget to compute the confidence interval: For M large enough, one has

O M O M

) +a
ampM am

P(pi(z1,22) € I3y) = with I, == |pm — a
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General Framework

General Framework
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Mathematical framework
In mathematical finance, the price of an (vanilla) option writes
E[F(X7)]

where in general X = (X)c(o,7) is a stochastic process with dynamics

t ¢
Xt:er/ b(s,Xs)der/ o(s, Xs) dWy (1)
0 0

where W = (W;);>0 is a Brownian motion of dimension ¢g. We let F = (F;);>o,
Fi =0 (Ws,0 < s <t). We work under the following assumption (H”’b):

0 b:[0,T] x R* — R?, o :[0,7] x RY — R4*4 are Lipschitz continuous in
space uniformly in time

[b(t, z) = b(t,y)| + llo(t, x) — o(t,y)| < K|z —y|
and linear growth in space uniformly in time

llo(t, @)l + [b(t, )| < K(1+ |z]).
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General Framework

Mathematical framework

Theorem: Existence and uniqueness + Markov property
Under (H??), the SDE (1) admits a unique F-adapted solution X = (X;);>0
defined on any probability space (€2, .4, P) equipped with the Brownian motion W.

Moreover, X satisfies the Markov property, namely, for any real-valued bounded
and measurable map & defined on R?

E[h(X:)|Fs] = E[h(Xy)| Xs] := Ps 1 h(Xs).
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General Framework

Two sources of error

In general, we don't know the exact form/law of the solution to (1) so that we
don’t have an analytical formula for the computation of the price E[F(Xr)].

In this case, one usually proceeds in two steps:

@ We introduce an approximation /discretization scheme (X;);c(o,7) of the SDE

(1) and replace E[F(X7)] by E[F(X7)]. The corresponding error is
Ew = E[F(X7)] —E[F(Xr)]. (Weak error)

@ We simulate M i.i.d. copies (X}k))lngM of X7 and compute the quantity

1 ZM (k)
o (k
k=1
The corresponding error is given by

Es = E[F(X7)] — Ej. (Statistical error)

Noufel Frikha (noufel.frikha@univ-parisl.fr)
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Euler-Maruyama discretization scheme

Euler-Maruyama discretization scheme
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Constant step Euler scheme

For a fixed T > 0, we choose the number of discretization dates V € N\{0} and
consider the time mesh A = T'/N and the discrete time gri7d points t; = i/,
i =0,---,N and define the constant step Euler scheme (X, )o<i<n

Xti+1 = Xti + b(tiv th)A + U(ti’ Xti)(Wti+1 - Wti)’ XU =z (2)
or equivalently
Xti+1 == Xti + b(ti,Xti)A -+ U(ti,Xti)\/ZUi+17 Xo =X

where (U;)1<i<n is an i.i.d. sequence with common law N(0, I,).
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Constant step Euler scheme

For a fixed T > 0, we choose the number of discretization dates NV € N\{0} and
consider the time mesh A = 7'/N and the discrete time grid points ; = iA,
i=0,---, N and define the constant step Euler scheme (X, )o<i<n

Xti+1 = Xti + b(tivxti)A + U(tiaXti)(Wti+1 - Wti)’ XU =z (2)
or equivalently
XtH»l = Xti + b(tl,th)A + O'(ti7Xti)\/KUi+1, Xo =

where (U;)1<i<n is an i.i.d. sequence with common law N'(0,1;).  The
constant step Euler scheme (X¢,)o<;<n is a discrete time inhomogeneous Markov
chain with transition (P; j)1<i<;j<n defined by

P, jh(z) = E[A(Xy,)| X, = o] = E[A(Xy )] = » h(y) Pi;(x, dy)

where fort <j < N -1

Xih = X+ bty XA + o (ty, X[ )WAUjp, X" =

tit1
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Continuous time Euler scheme

The constant step Euler scheme is easy to implement on a computer but from a
theoretical point of view it is not an Itd process. To circumvent this issue, we
define a continuous version of the previous process, called the continuous time
Euler scheme, (X{ )o<i<n

Vit € [ti,ti+1}, thc = X{;—Fb(ti,X&)(t—ti)—‘ra(ti,X&)(Wt—Wti), Xo = 2. (3)

Note that the process (X{);e[o,7] coincides with the constant step Euler scheme
(Xti)OSiSN on the time grld (ti)OSiSN-
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Continuous time Euler scheme

The constant step Euler scheme is easy to implement on a computer but from a
theoretical point of view it is not an Itd process. To circumvent this issue, we
define a continuous version of the previous process, called the continuous time
Euler scheme, (X )o<i<n

Vit € [ti,ti+1}, Xtc = Xfi+b(ti,Xtci)(t—ti)—‘r(f(ti,Xtci)(Wt—Wti), Xo = 2. (3)

Note that the process (X{).c[o,) coincides with the constant step Euler scheme
(X¢,)o<i<n on the time grid (Z;)o<i<n- The continuous Euler scheme
(X{)tefo,m is an Itd process with dynamics

— t S ¢
Xp =t [ W00 Xi)ds+ [ (o) X5 )aw,

where ¢(t) :=sup {¢t; : t; < t}, ie. ¢(t) =t; for t € [t;, tit1).
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When N 1 oo, one expects that both schemes (X, )o<i<n and (X; o 7))

converge to the true solution (X;).c[0,77 of (1). In this chapter, we aim at
studying the error of this approximation:

@ Strong error: is the error on the path space. It is quantified by

— 1 — 1
E[ sup [X;— X{P]* and E[ sup |X;— X44)|P]7, p>1.

0<t<T 0<t<T

@ Weak error:  For a payoff function f,

Ew = E[f(X1)] - E[f(X7)]

depending on the smoothness of f.

Noufel Frikha (noufel.frikha@univ-parisl.fr) Université Paris 1 Panthéon-Sorbonne January 2026

46 /81



Properties of solutions and their discretization schemes
Control of L” moments

Under (H) = (H1)+ (H2), for any p > 1, there exists a constant « such that

E[ sup |X:|"]7 < w(1+ |z]).
0<t<T

Similarly, for any p > 1, there exists a positive constant such for any N € \{0},
the continuous Euler scheme satisfies

E sup |X7P)5 < (1 + [a]).
0<t<T
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Properties of solutions and their discretization schemes
Useful inequalities

Gronwall's Lemma

Let f : Ry — Ry be a measurable and locally bounded function satisfying for some
non-decreasing ¥ : Ry — R

Ja >0V >0, f(t)< a/t F(s)ds + (t)
0

then for all £ > 0: supg <, f(s) < e W(2).
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Properties of solutions and their discretization schemes
Useful inequalities

Gronwall’'s Lemma

Let f: Ry — R4 be a measurable and locally bounded function satisfying for some
non-decreasing ¥ : R, — R4

Ja> 0Vt >0, f(i)< oz/tf(s) ds + U (t)
0

then for all £ > 0: supgc,<, f(s) < e W(2).

Doob'’s inequality
Let M = (M;)i>0 be a continuous martingale with My = 0. Then, for all T > 0,

vp>1, E[OiltlgT\Mtl"] < (p/(p — 1) E[[ Mz |*]

Burkholder-Davis-Gundy's inequality

V¥p > 1, dep, Cp > 0, s.t. for all continuous local martingale (My)¢>0, Mo = 0, for all
stopping time T,

p
2

oE((M)F] < E[( sup M) < CE((M)7]
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Properties of solutions and their discretization schemes.
Proof of the L? controls
Proof: Assume for simplicity that g=d = 1. Forp > 1,
X[ < 32 {|m|2p s /t Ib(s, X,)*" ds + |Mt|2”} M, = /ta(s,Xs)dWs,
0 0
local martingale. Introduce the sequence of stopping time
Tm :=Inf{t > 0: \Xt —z| > m}, me TmToo a.s. as m T 0. Using (H), one gets

that M satisfies (M)inr,, = ftMm (5, Xs)|?ds < k( t+fMTm | Xs|%ds). Thus, M™
is a continuous martmgale and by the B-D-G inequality

tATm

E[ sup |MI"[*] < CE[M™)] < & (1 v |X5Am\2pdsl)
0<s<t 0

so that

tATm
E[ sup [XT"|*7] < /i{|x|2p—|—1+IE[/ |X;m|2pds}}
0

0<s<t

0<r<s

t
n{|x|2p+ 1+ IE[ sup | X7™ 7] ds}

Apply Grénwall's Lemma to t — f(t) = E[supogsgt | XT™|?P], to get

E[ sup |XI™|*] < w(1+ |z|*)
0<s<t
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Strong approximation error

rong approximation error
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W ezl
Main result
Assumption: 38 € [0,1], 3C > 0 s.t. V(s,t,z,y) € [0,T]* x (R%)?,
b(t, z) — b(s, )| + lo(t,2) — o(s,y)| < C(t =" + |y —z[) (HF)
Theorem

If b and o satisfies (H2.) then the strong error between X¢ and X in any LP(P), p > 0,
is of order N_(%A*B), that is, Vp > 1:

| sup |X: — X{lllzr < C(1+ |z])N~G (Continuous time)
0<t<T

= (1 1+ log(N
| sup |X0 = Xoolliny < OO+ al) | NG 4 [ L8N oncant srep)
0<t<T N

v

Theorem

If b and o satisfies: |b(t,z)| + ||o(t,z)|| < C(1+ |z|) then one has

1+ log(N)

¥p > 1, E[ sup |Xf — X5 [P17 < C(1+|a])
0<t<T N
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For the first point (the second point is left as an exercice), we write

u

X, - XC = / (05, X2) — 0(6(s), Xsy) AW, + / (b(s, X2) — b((s), X)) ds
0 0
so that, by the B-D-G inequality

E[ sup |X. — X¢[*"] < E( / lo(s, Xo) = o((s), X)) ds)?)

0<u<t

e / E[[b(s, X.) — b((s), X500))|7] ds
< / Elllo(s, X.) — 0(6(s), X5 |I] ds

+r / E[[b(s, X.) — b((s), X5(0)) 7] ds

Note that (HY) implies
|b(S7XS) - b(¢(5)7qub(s))|2p + HU(57XS) - U(¢<8)7 X;(s))l‘Qp
< k(ls = d(s)*7 + | X — X§(0)[*F)
< Klls = d(s)"7 + [ Xe = XS]+ XS = XG0 127)
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Strong approximation error [HELI

Hence, we get

t t
E[ sup [Xu — X|7] SK{MM/ E[|X¢ — X5 ds+/ E[|X, — X¢[*"] ds}
0 0

0<u<t

so that, by Gronwall's Lemma, we get

¢
E[ sup | X, — XS] <k {Azpﬁ —|—/ E[| XS — Xg(s)|2p] ds} .
0<u<t 0

'I:o conglude we remark _that -
X{— ng(s) = U(¢(S)7X;(S)>(Ws - Wys) + b(¢(5)7X;(5))(3 — ¢(s)) implies

E[| X< — X0 [*] < & {Blllo(6(s), X)) IP7IWs = W) ] + AZE([| X511}
< A1+ [af?)(A7 + A%)

so that

E[ sup | X, — XE|?] < k(1 + |2|2) {A%F + AP + AP}
0<u<t
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Strong approximation error [HELI

For the second theorem, we write:

X§ = X5y = 0(0(t), X)) (t = 0(t) + a(p(t), X§1)) (Wi = Wsy)
so that

sup | X7 — X;‘;(t)| <k(1+ sup [X7)(A+ sup [Wy— Wy
0<t<T 0<t<T 0<t<T
and by the Cauchy-Schwarz inequality

| sup |XF = X5plllr@y < w1+ sup [ X7[|L20p))
0<t<T 0<t<T

X (A4 sup [Wi = Wy lllL2e@))-
0<t<T

We now use the decomposition

Wy — W,
sup |W; — Wyl = VA max  sup M:\/A max (x
0<t<T ISKSN gy <t<ty, VA 1<k<N
We—We, _, d
where (i, :=sup;, | <<y, % = SUPg_1<s<k [Ws = Wi—1], (Ck)i<k<n are
i.i.d. r.v.
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Strong approximation error [HELI

Observe that (3 4 supg<s<i |Wsl 4 [W1| so that Efexp(A(F)] < oo for A< £. To
conclude the proof, we use the following lemma
Lemma

Let (Xj)k>1 be an i.id. sequence of positive r.v. such that Elexp(AX1)] < oo for
some X\ > 0. Then, for all p > 0, || max(X1,--- , X,)||Lrp) < C(log(n) + 1)

The previous lemma implies

1
[ SUPp<i<T Wi — W¢(t)|||LP(]P) < \/E” maxj<k<N C/%”fp(p) < C\/Z\/ 1 +log(N)
Proof of the lemma: Set f(z) = exp(z!/?) and f~!(x) = log(x)P, so that
(f~1)"(x) = p(log(x))P~2L=1=128E) and f=1 is concave on [k(p),o0). For some
A>0,

AE[max (X1, -, X,)P] <E[f 7 (f(Amax(Xy, -+, Xn)P) 1 x max(Xy e . X0) 2 k(0)}]
+ Ak(p)
< f7 (mElexp(A7 X1)]) + Ak(p)
< k(log(n)? +1).
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Corollary

Corollary

Under the assumptions of the previous theorem, one has

1 < a.s.
Va<=-AB, N¢ sup |X;—X;|—0.
2 0<t<T

Proof: For all a < § A B, E[(Nsupyc,<r | X; — Xf[)?P] < C,N~2(3/-a) 5o
that taking p s.t. 2p(% A B —«a) > 1 one has

E[Y (N sup |X;— X/|)*] < oo
N>1 0<t<T

which implies

N sup |X;— X7 %50, N — .
0<t<T
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Heuristics

Assume here d = ¢ = 1 and that b(¢t,z) = b(z), o(t,x) = o(x). We observe that
when A is small one has

E[(/:“ b(X,) ds)? <A/ X)) ds = O(A?),
E[( /t t* o(X.) dW,)?] = /t ” 0?(X.) ds = O(A)

so that the global strong error is ruled by the discretization error of the stochastic
integral. To improve the strong rate of convergence, one has to improve the
approximation of the stochastic integral: for s € [tk, trt1]

0(Xs) = 0(Xe,) 4+ 0" (X2, )(Xs — Xt,.) + Op2(p) (s — tr)
=0(X1,) + (00") (Xt )(Ws = Wi, ) + Op2) (s — tr)

so that
t t
/ o (X3) AW, = 0(Xe)(Ws — Way ) + (00) (Xoy) / (We — Wa) dWs + Opa ey (t — ti)
th ty

= 0(X ) (We = W) + 5 (00 )(Xe,) {(We = W )? = (¢ = 1))

+ 02y ((t— 1) ?)
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Strong approximation error VSRS

This heuristics lead us to introduce the following constant step and continuous
time Milstein schemes:

th+1 = th + b(thJrl)A =+ G(th+1)(Wtk+1 - Wtk)
1 ~
+5(00") (X)) {Wep1 — Wi, )* = (trer — i)}
and
Xi = X5 4 b(X5)(t —te) + o (X5, ) (Wi — Way)

Lo )(X5) (W~ W) — (- 1)

Theorem

Ifb,a € C*T*(R) for some o € [0, 1] with bounded derivatives then: for all p > 0, there
exists a positive constant C s.t.:

S Se _lta
max | Xo, = Xoy o < I sup X0 = Xillluney < ONT 57 (14 fal)

and

I sup X = Xglllre) < C(1+ |2])v/(1 + log(N))N ™'/
0<t<T

v

Remark: If b’, o’ are Holder-continuous, Milstein scheme converges faster than the E-M

heme
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Strong approximation error VSRS

The multi-dimensional generalization of the previous result is far from being obvious and
relies on the possibility of simulating the vector

tet1 ) ) .
(/ (WZ—WZk)dWi,i,j:L-“,q,i#j)-
tr

For the moment, there is no reasonable methods to do that! An important simplification
is when the following commuting condition is satisfied

q q
. 80’1',' adi,m
V(,m) € {1+ a}, (00,0m) (@) = (Bomes) (@) & (G o m)(@) = 3 (T 0,)
k=1 k k=1 9Tk
In this case, the Milstein scheme writes
- - - 1< - -
th+1 =Xy, + b(th)A 5 Z(aaiai)(th) + J(th)(Wtk+1 - Wtk)
=1
1 -
+3 (00707) (Xt ) Wep1 — W )i (W1 — Wey )5

1<i,j<q

Corollary

Ifb e C2(RY, RY) and if o(x) = ¥ is a constant matrix then the Euler-Maruyama and
Milstein schemes coincide. Moreover, for any p > 1, it holds

I max | Xe, = Xi, lloe) < ON'(1+|al)
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The weak approximation error

The weak approximation error
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LLCNCELERSEVI LRGN Standard results on the weak error

We now study the weak approximation error which writes
&w = E[f(X7)] - E[f(X7)]

Notice that as soon as f, b, o are Lipschitz continuous, from the previous results
on the strong error, one has

E[f(X7)] - ELf(X0)]| < [fleapBlIXE — Xrl] < ClflipN ™2 (1 + |2)

so that |Ey| = O(N~2).

However, this inequality is far from being optimal! Numerical experiments suggest

X Ng
~N

E[f(X7)] - E[f(X7)]
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Standard results on the weak error

Theorem (Talay-Tubaro, 1990; Bally Talay, 1996)

@ Assume that b, o € C*(R%) with bounded derivatives. Assume that
f € C*(R?) with derivatives of polynomial growth. Then, for every x € R?,
one has c

[E[f(X7)] — Elf(X7)]| < <

@ Assume that b, o are infinitely differentiable with bounded derivatives:

@ If f is infinitely differentiable with derivatives of polynomial growth, then, for
every z € R?, for every R € N, one has

_ Ch
E[f(Xn)] ~ E[f(X2)] = 3. Tk + O(smsy), a5 Ntoo ()
k=1
where the constants (Ci)1<k<r depend only on f,b,0,T
@ If o is uniformly elliptic, that is, for all z € R?, a(x) = (oo™ )(x) > A4, for
some X\ > 0, then the expansion (4) is still valid for any Borel function f of

polynomial growth.
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The weak approximation error SR

Proof of (1): The proof relies on the smoothness of the solution to the following
parabolic PDE

(O 4+ Lo)u(t,z) = 0,Y(t, ) € [0,T] x RY, (T, z) = f(x).

with Lyu(t,z) = 3 Z” Lai(t, )02 ;T ZZ 1 bi(t, 2)0y,. Under our
assumptions, u € C>4([0,T] x R?) wnth ‘derivatives of polynomial growth.
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The weak approximation error SR

Proof of (1): The proof relies on the smoothness of the solution to the following
parabolic PDE

(0 + Li)u(t,x) =0,Y(t,z) € [0,T] x RY,  w(T,z) = f(z).

with Lou(t,z) = 150 ai(t,2)02, , + 30 bi(t, 2)ds,. Under our
assumptions, u € C%4([0, T] x R%) with derivatives of polynomial growth.
Moreover, from the Feynman-Kac formula, it follows that: u(t,z) = E[f(X%")]
where

t t
th’zza:—F/ b(r,Xﬁ’z)dr—F/ o(r, X2%) dW,
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The weak approximation error Proof

Proof of (1): The proof relies on the smoothness of the solution to the following
parabolic PDE

(O + Lo)u(t,x) = 0,¥(t,z) € [0,T) x RY,  w(T,x) = f(x).
with Leu(t, z) = %szj @it )02, 2t Zz 1 bi(t,2)0y,. Under our
assumptions, u € C>*([0, T] x R?) with derivatives of polynomial growth.

Moreover, from the Feynman-Kac formula, it follows that: u(t,z) = E[f(X%")]
where

t ¢
Xf’wzac—i—/ b(r,Xf’””)dr—i—/ a(r, X)) dW,

Next, we observe the relation E[f(X$)] = E[u(T, X%)] and E[f(X7)] = u(0, x)
so that

N
Elf(X7)]-E[f(Xr)] = E[u(T, X7)] Z]E u(te, X5, ) —u(tp—1, X5_1)]
=1
Then, apply It8's rule, on the time interval [tk,l, k)

— — tk — — tk‘ — —
u(te, Xi, ) —ulte—1, X5, ) = / (O +Lu(s, Xsc)d8+/ a(¢(s), Xg(s))Owu(s, X3)dW
tp—1 ty

with Lh(s,) = S0, 0i(0(5), X500, ) + S22, 01 (6(5), X50)08, o, (s, )
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Tk avpoimation o g
The bracket of the local martingale M; := fttk—l a(d)(s),X’;(S))azu(s,X’sc)dWS, for
t € [tk—1,tx] is bounded by

T T

<M>é/)@MwﬁﬁMW%X%W@SO/(HWW”M%fﬂ%€ﬂ®
0 0

so that M is a true martingale. Hence, we have

B B th B B th B
Elu(tr, Xt,) — ulte-1, Xi—1)] = / (0 + L)u(s, X3) ds = / fr(s, X3) ds
tp—1

tr—1

with fi (¢, x) =
Orul(t, x)Jr Z” 1 @i (b 1,th 1)5‘%’% u(t, x)+zl 1 (tk_l,ka_l)aziu(t,x)
satisfying

® fi(tk—1,X;, _,) =0 easily seen from the PDE satisfied by u(t, z).

o (t,x) — fr(t,z) € CH2([0,T] x RY) with derivatives of polynomial growth.
From It6's rule, one gets

¢

Fult, X5) = / Do fi(s, K)o (thn, XEo ) dWs + / (O + L) fu(s, X°) ds

te—1 tr—1
The local martingale N; = ft Ou fr(s, X$)o (th—1, X{,_,) dWs is a true martingale so
that

E[fs(t, X7)] = E[(8:+L) fr(s, X{)]ds  and E[gupTl(atJri)fk(s,Xﬁ)l] <
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Conclusion of the proof

It follows that
Elu(ty, X¢,) — u(te-1, Xi—1) / / E[(0: + L) fx(s, XO)] ds dt

<E[ sup [(d:+ E)fk(57X§)|]%A2

0<s<T
so that
— N — —
E[f(X%)] — ELf (X))l = | > Elu(te, X)) — w(te—1, Xi1)]|
k=1
1772
< E[O;E)T'(at + L) fr(s, X< )”2 N

This concludes the first part of the theorem. In order to obtain the full expansion, one
relies on the smoothness of (¢, z) — u(t, z) and repeated use of Itd's Lemma in order to
get rid of stochastic integrals.

To get rid of the smoothness assumption on the payoff function f, one relies on
additional tools that go beyond this course: Malliavin calculus or the parametrix method.
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Improving the Monte Carlo path simulation method for SDEs: old and new

Improving the Monte Carlo path simulation method for SDEs: old
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Improving the Monte Carlo path simulation method for SDEs: old and new [RRVIMIEESEANNIE Romb lation method

0

Bias-variance decomposition

o Bias-Variance decomposition of the quadratic error:

IELF (X)) = 2 S~ SR 2e) = (ELF (X)) ~ BLA(Xr)])?
k=1

1 M

+ |ELf 17 2 Sz e)
k:l

_ (3:;) Var f(XT)) (N73)7

o Interpretation: In order to achieve a global L?(P)-error

M
ELF X))~ 17 2 FE P ) = OCe)
k=1

one has to choose
Nemel, Mae2

)

so that the optimal complexity of the Monte Carlo method is, Cpre = ke~
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Improving the Monte Carlo path simulation method for SDES: old and new (YIRS R0e Romt

g lation method

Richardson-Romberg extrapolation method

o ldea: take advantage of the expansion of the weak error.

Take (XY)iejo,r) and (X7V)ie(o,7) two Euler schemes with two Brownian
motions W and W? and two mesh sizes A = L and 2.
S Cy Cs
E[f(X7)] — E[f(X7)] = ~ Tyt O(N™?%),

E[F(X3")] ~ B[ (Xr)]) = o+ o2 4 O(N™)

so that

= = Co
2B[f(X7)] - E[f(X2)] — E[f (X7)] = — 555 + OV ),
Then, the new global quadratic error becomes:

IIJE[f(XT)]fiZ@f( D B 10 G| P

k=1

_ ( Cs ) L VarI(XE) = SR | oy

2N? M

@ Reduce the complexity of the Monte Carlo estimator?
@ Is it possible to control the variance Var(2f(X2N) — f(X&)) as N 1 og?
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Improving the Monte Carlo path simulation method for SDES: old and new (YIRS R0e Romberg lation method

o Lazy simulation: If one takes W' and W2 independent then, one has
Var(2f(X7") — f(X7')) = 4Var(f(X7)) + Var(f(X7')) = 5Var(f(X1)), N 1 00

so that the variance increases by a factor of 5.
o Consistent simulation of Brownian paths: If W2 = W! = W then

Var(2f(X7") — f(X7)) = Var(2f(Xr) — f(Xr)) = Var(f(Xr)), N 1 oc.
o Practical aspects of implementation: From a practical point of view, one first simulates
an Euler scheme with time step A/2 using Gaussian i.i.d. r.v. (U,f)lskSgN, then one
simulates the r.v. (U})i<k<n:
U3y, + Us_1
V2

o Complexity consideration: In order to achieve a global L?(PP)-error

Ut = k=1, ,N.

IELf (X)) - ];Z@ﬂ XY = FX2 )l gy ~
k=1

1 . . .
one has to choose N =~z 72, M =~ 2 and the complexity of the estimator is

Cr-r= Ce 7% << Cue=Ce®, asel0.

o To take advantage of the full expansion at any order R, see G. Pages (2007):
Multistep Richardson-Romberg extrapolation: controlling variance,and complexity.
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Multi-level Monte Carlo simulation
o Introduction of the method and its application in Finance is attributed to M. Giles

(2008) generalizing an idea of A. Kebaier (2005).
o The basis of the MLMC consists in using the following decomposition:

E[f(X35)] = E[f(X70)] + Y E[f(X50) — f(X7)]

where (X]*)o<i<7 is an Euler scheme with time mesh hy, such that hy — 0, £ 1 co. A
common choice is hy = T/m for some positive integer m.

o Then, one implements a standard Monte Carlo method on each level £ =0,--- | L:
Moy M,
he—1,(k)
e = i 3G ) 3 1 SO < gy )
0%k=1 =1

This requires

@ L independent Monte Carlo estimators

Sh k .. .
@ on each level ¢, (X;Z‘(k),XTe’l’( ))13;631”[ are i.i.d. with the same law as

h Ghe_
(X, K.
~~»Main idea: Balance the simulation effort on the different levels keeping in mind that
most samples will be taken at level 0 and few samples will be required at the finest level
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Improving the Monte Carlo path simulation method for SDEs: old and new BT Ilgle EIWA| [T TN

Assuming that f, b and o are Lipschitz then the variance
Vy := Var(f(Xhe) — f(X0)) satisfies

o She
Ve < 2(E[(f(X7) = f(X))?] +E[(f (X7 ) = f(X7))*]) < 2C(1+]a]*)he — 0,
as , £ 1 oco. Hence, one needs fewer and fewer samples to accurately estimate the
expectation E[f(X1) — f(XI)).

o The variance of the multi-level Monte Carlo method is

L

Var(Eymc) = 7% Z
=

o The computational cost of the multi-level Monte Carlo method is

L L
Cyvrme = CMohg + ) CMy(hy ' + hyty) =C> - Mhy!
=1
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Improving the Monte Carlo path simulation method for SDEs: old and new BT Ilgle EIWA| [T TN

For a fixed computational cost, the variance is minimized by solving

L L
: L —1 -1
g, 10in {g(MO, M, ) ._;:%Me VZ+A{;MM c}}

One has Vg(Mo, -+, M) = 0iif M} = A" hyVy ~ h? so that M, is
proportional to hy.
For a fixed ¢, to get Var(Eyzac) = C1e?, one can choose

M@ = 0672(L + l)hg

With this choice, the computational cost of the multi-level method is

L
Cyurme =CY Mehy' = Ce (L +1)°
=0

The bias is given by

[E[f(Xr) = f(Xp)]| < Chy =CTm ™" me e L= l?ogg(fml))
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Improving the Monte Carlo path simulation method for SDEs: old and new BT Ilgle EIWA| [T TN

To sum up, in order to get a precision of order €, one has to choose the mesh size
he = T/m* M, = Ce=2(L + 1)h, and the total number of level
L =log(s71)/log(m) so that the total computational cost of the MLMC is

Curme = Ce?log(e)? << Oy =Ce 2 ase | 0.
More generally, one has the following result:

Theorem

If there exist positive constants a > 1/2, B, c1, c2, c3 such that
Q [E[f(Xr) - f(X)]| < e1hg,
Q Var(f(X14) — F(XpY)) < eahf) and Var(f(X10)) < e2hf,
© The computational cost of level £ is: Cy < C3Mgh[_1.

Then, for ¢ sufficiently small, there exist My, £ =0,--- | L; L and a constant c4 such
that E[(f(X1) — Emrmc)?] < €2 with a computational cost satisfying:
_ 1+8
cre™? B> 1 2c0e2(1 — m7¥)71he 2, 8>1
Curime < 64572(log(5))2, B=1 M, = 202572(L + 1Dhe, =1
_o9_1-8 _ _(a-B) 148
cie” 3 7ﬂ€(071)' 202572(1—771%)71}7% 2 h,? ,ﬁe(

with L = |log(v/2c1T*e~1)/alog(m)|
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Unbiased simulation of SDEs

Originally developed by

@ Bally & Kohatsu-Higa (2015): A probabilistic interpretation of the parametrix
method

@ Anderson & Kohatsu-Higa (2017): Unbiased simulation of stochastic differential
equations using parametrix expansions

For sake of simplicity, one dimensional case:
d=q=1, o(t,z)=0>0, beCi(R).
The map [0,T] X R > (s,z) — u(s,z) = E[f(X7)] is a solution to the PDE:
(s = L)u(s, ) =0, u(0, f(@).
Let X,** =z + o(W: — W;). Note that E[u(0, %)] = IE[f(X0 “)]. Apply It6’s rule to
w(T —t, X{):

B = u(Ta) + [ Bl(-0u(T 5, X07) + Lo?otu(r —r, X2)ar
0

:u(T,x)—i—/O E[(— E—l—f 292 u(T —r, X)) dr

T
=u(T,z) — E[b(X0")0,u(T — r, X ") dr

0
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Improving the Monte Carlo path simulation method for SDEs: old and new Ml duction to the i i ion of SDEs

First step of the expansion

Then, remark that one has

(y—=)?
- 2
E[b(X%"),u(T — 7, XO° :/b AT — 1 y) 22 g
[b(X ") Opu(T — 7 )] JR(y)U( Ty)\/my
_(y*QZ)2
= - Y (y) 4 b(y)Hi(o*r,y — x) } w(T — 7, € 2 g
[0+ by =) ulT =) <= dy

= B[, (z, X" u(T — r, XO7)]
with the notation Hi(a,y) := —y/a, 0,(z,y) == =V (y) — b(y)H1(c?r,y — x).
Hence we get

(T, z) = E[f(X%7)] + / Ef, (2, X0%)u(T - r, X0 dr  (5)

Remark that for r € [0, 7] one has
B[, (2, X2 ")u(T = 7, X < | f oo B0y (2, X27)]]

(y—u)?

|y — x| e 202r _
k[ (1+ ———dy < kr
/]R( r )\/ 2mo2r

=

e L'([0,T]
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Two steps of the expansion

Then, one just has to iterate using the same argument

u(T —r,x) = E[f(X%fT)} + /T ' ]E[érl (=, Xfl’””)u(T —r—r, X )] dry
) v
— E[f(X5°)] + / E[r, (2, X% Ju(T — 1, X% )] dry

T
=E[f(X7")] + / B0y, —r(z, X157 )u(T —r1, X)37)] dry

so that

]E[ér(x,)?f’z)u(T -, X’E’z)] = IE[f()_(%z)ér(z, X’E’m)]

T
+/ B[O (2, X77)0ry (X207, X225 u(T — 11, X57)] dry
and plug the previous equality into (5) to get

u(T) = B + [ B0 (o, X5 dr

/ / 0., (z, XO I)OTZ - (Xglz,XO “u (T—T'Q,XTO;:E)] dry dro
1y
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Improving the Monte Carlo path simulation method for SDEs: old and new Ml duction to the i i ion of SDEs

N-step of the expansion and convergence of the series

Repeating IV times the same arguments, we can prove by induction (left as an
exercice)

N n

uta) =3 [ B L rics (KB RE s (6)
N <T> putet
N —
+/ E[u(T —rn41, X H Oy (X257, X000 dry - drvga
An+41(T) k=1
where A, (T) :=={(r1, -+ ,rn) €[0,T]":0<r; <ryg <--- <1, <T} and the
convention rg = 0 and [],--- = 1.

o The idea now is to let N 1 co in the previous identity. To do this, we need the
following estimate

(y—a)?
Vp > 0, E[|0,_, (X0, X0)P| F,] < Hsup/(l—i- y=alye 2 g <t
= s Sleede T Vamonr U

(7)

77/81
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Inrod
Convergence of the series

The estimate (7) yields

.
An(T)

n

O:c
X ||7"k7”k1

and similarly

Any1(T)

k=1

E[u(T - rn+1, X

XOac

ion to the ion of SDEs

_1
HTk—Tk 1) 2

nT)k 1

(3

[1+ 3]

XS;:”)] dri---drp| <k /

w3

=r"T

N
H Tk—Tk— 1 ngm17X79];x)]d7'l"'d’l"N+1|
k=1
N+1/1
N1 I (5)

< gNTT —
N [+ 5

so that one may let N goes to infinity in (6) to get

u(T, x)

Z/A ,(T)

n>0
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Improving the Monte Carlo path simulation method for SDEs: old and new Ml duction to the i i ion of SDEs

Probabilistic representation of the series

In order to get a probabilistic representation of the series, one remarks that for a
Poisson process IV with intensity A, independent of W, when Ny = n, its jump
times (1, -, (, are distributed as the order statistics of n i.i.d. uniform r.v on
[0, 71, that is

P(Nr =n,( €dry, -+ ,Cp €dry) = Ae M dry - -dr,, on AL (T).

As a consequence,

/ E[f Xow H Th—Tk— 1 XEI:CNXE);QC)] dry---dry
An(T) k=1

BATE[f(X%m) H Ailé(k—CkfﬂX?,ilvX?,;I)I{NTZR}}
k=1

and
u(T,z) = Z QATE[JC(X%Z) H >‘_1§€1¢*Ck—1 (X(,;z 17 Xg;;z)l{NT:”}]
n>0 k=1
Np
/\TE[]C(X%J) H A_leik*Ck—l (ngx 1’ Xgl’cw)]
k=1
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Improving the Monte Carlo path simulation method for SDEs: old and new i duction to the i i ion of SDEs

Pros:

o The previous probabilistic representation allows to compute
u(T,x) = E[f(X%")] without any discretization error but only a statistical
error! The complexity of the method is thus ke =2 for a given error of order ¢.

o The previous probabilistic representation can be generalized to the
multi-dimensional case and to the case o(t,x) # o without any difficulty
under the assumptions that = — a(z) = o(z)o(x)T € CZ2(RY, R?*?) and
a(xz) > Ay (uniform ellipticity)

Cons:

o The variance of the Monte Carlo estimator associated to the previous
probabilistic representation is infinite! Actually, the estimate (7) shows that
LP?(P)-moments for p € [0,2) are finite but in general the variance of the
estimator is too large.

e See the importance sampling procedure of Anderson and Kohatsu-Higa (2017)
to partially circumvent this issue.

o Numerical experiments show a good behavior for b, and T" not too large but
bad behavior otherwise.
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