Chapter 2:

Introduction to stochastic approximation algorithms
and
their applications in mathematical finance

Noufel Frikha
Université Paris 1 Panthéon-Sorbonne

23th February 2026

A

UNIVERSITE PARIS 1

PANTHEON SORBONNE

Noufel Frikha (noufel.frikha@univ-parisl.fr) Université Paris 1 Panthéon-Sorbonne February 2026 1/40



N —
Contents

© Introduction
© Robbins-Monro algorithm

@ Almost-sure convergence
o Central limit theorem

© SGD and Projected SGD

© Mirror Descent Algorithm

© Applications
o Computations of the VaR and the ES of portfolio losses
@ Importance Sampling by stochastic approximation
@ Risk minimization portfolio by SMD algorithm

Noufel Frikha (noufel.frikha@univ-parisl.fr) Université Paris 1 Panthéon-Sorbonne February 2026

2/40



Introduction

Introduction

Noufel Frikha (noufel.frikha@univ-parisl.fr) Université Paris 1 Panthéon-Sorbonne February 2026 3/40



Introduction

In mathematical finance, one often has to solve optimization or inverse problems
(zero search problems) such as
o Implicit volatility: find o € Ry such that

E[(Sr(0) = K)+] = Prarket
o Implicit correlation: find p € [—1,1] such that
E[(max(St(p), 57(p)) — K)+] = Prarket
where
Sh(p) = Sher=ot/DT+a1WE g2 () _ G2,(r=03/AT+o2(pWi+/1-p2WE)
o Computation of the (VaR,, CVaR,): find (¢*,C*) € R? such that
PL<E)=a, =g+ ——Bl(L- )]
o Static Risk minimization portfolio:

ianr p(—(0.X))
oen’

where p is a convex risk measure and X stands for assets return.
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Introduction

In all these situations one has to compute the zero of a function h which writes
h(y) =E[H(y,Z)], H:R?xR?—R?

where Z is a random variable easy to simulate.

In general, to estimate {y*} = {h = 0}, one may use a Newton-Raphson like
procedure with dynamics

Yn+1 = Yn — Yn+1h(yn), m >0, yo € R¢ (1)
~~ Local convergence of Newton-Raphson algorithm: 3§ > 0 s.t.
Yotr1 = Dh(yn) " and [yo —y*| <0 = yn = y*,n — 0.

To derive the convergence of (y,,)n>0 given by (1) one usually supposes that y* is
attractive in the following sense

Yy £y*, (y—y*,h(y)) >0 (Mean reverting assumption)

or, that there exists a Lyapunov function L : R? — R, s.t.
limy| o0 L(y) = 400 and

Vy#y*, (VL(y),h(y)) >0 and {VL=0}={y"}
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Convergence of the deterministic algorithm

S
uppose that h : R? — R% is continuous, {y*} = {h = 0} and satisfies:

o Mean reverting:
Vy#y', (y—y" h(y) >0,
o Sub-linear growth:

vy eRY, |n(y))P <CA+ |y —y?)

o Step of the algorithm: (+,,),>1 is a positive step sequence satisfying

Z’ynzoo and 27721<oo.

n>1 n>1

Then, one has

yn_>y*7 n — 00 and Z’Yn<yn_y*uh(yn)> < o0
n>1

A
vy

™ mid =
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Introduction

Proof: Use the dynamics (1) to write
Y1 =¥ 1* = lyn = 4" = 2911 (¥ — 4", h(yn)) + Va1 B(yn)®
<1+ Crmi)lyn = ' = 2941 (yn — ¥, hlyn)) + Crnia
Let (sn)n>1 be the positive sequence defined by
lyn — v 1> + 23020 Vet (e — ¥ h(wk)) + C s Ve
o1+ CYiy)

then, using the preceding inequality, one easily checks that

Sp 1=

(U4 Cyre)lyn — v + 23020 o1 (e — ¥, h(yr)) + C X ps Ve

Sn+1 S n
[Tico(1+ C%%Jrl)
< Sn

so that, (sn)n>1 is a positive non-increasing sequence so that it converges to some
Soo > 0.
Since > o, ~v2 < o0, we deduce the two following facts

Q (lyn — ¥ [*)n>1 is bounded,

o ano Yrt+1{yn — Y, h(yn)) < 00

so that, |y, — y*|2 — Loo as n — 00.
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Introduction

From the above partial conclusion, we deduce that liminf, (y, — y*, A(y,)) =0
so that there exists an increasing ¢ s.t.

Yon) = Yoo aNd  (Ygn) — ¥ h(Ypn))) = 0.

Since h is continuous, one gets (Yoo — ¥*, h(Yoo)) = 0 so that yo, = y* and
L = 0. We thus conclude that (y,)n>1 converges to y*.
Remarks:
e When h(y) = E[H(y, Z)], this procedure is not satisfactory because one does
not have a direct access to the values of h.
@ One may replace h by its Monte Carlo approximation using M i.i.d. samples
(Z'h<i<m
1 < ‘
ha(y) = 7 > H(y 2"

=1

and then run the algorithm...
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Robbins-Monro algorithm

Robbins-Monro algorithm
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Robbins-Monro algorithm Almost-sure convergence

Robbins-Monro theorem

Let H : R? x R? — R? and set h(y) = E[H(y, Z)]. Assume that h is continuous
with {h = 0} = {y*} and satisfies the two following conditions:
(H1) Mean-reverting: Yy # y*, (y — y*, h(y)) > 0.
(H2) Linear growth: Vy € RY, E[|H(y, Z)|?]z < C(1 + |y — y*|?)

Let (y5)n>1 be a sequence of positive numbers such that

Z’yn:oo, Z’yi<oo.

n>1 n>1

Finally, assume that Yj is a r.v. independent of (Z(™),,>; such that E[|Yp]?] < oo
then the recursive procedure

Yn+1 = Yn - 'YnJrlH(an Z(n+1))7 n >0

satisfies

Y, % y*,asn — oo and Z%(Yn —y*, h(Y,)) < oo, a.s.
n>1
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[EEEIEA VISR ST Almost-sure convergence

The key of the proof is the convergence theorem for non-negative
supermartingales:

o Let (S,)>0 be a non-negative super-martingale w.r.t to (F,)n>0 on a
probability space (2, A,P), i.e. S, >0, S, € L'(P) and E[S,,41|F,] < S, as.
then S, 5 S > 0 as n — oo.

oSet F, =0 (Y, ZW - . ZM)), n>1and AM, 41 := H(Y,, Z"tD) — h(Y,).
Note that

E[AM,, 41| Fn] = E[H(Y,, Z"D) | Fo] — h(Y,) = h(Yy) — h(Y,) = 0.
Hence,
Yo =412 = Yo = 4" PP = 2y (Yo —y" H(Ya, Z0D)) 497y [H (Yo, 20H)

=Y, =y * = 2941 (Yo — y* (Y3)) + 21 [H (Y, 20T
- 27n+1<Yn - y*, AMn+1)>

which proves (by induction on n) that |Y;, — *|?> € L'(P). Then, one defines

Yn>1. 8, = Yo — y*|2 + 222;3 Ve 1(Ye — y* h(Yy)) + Czkzn 7]%+1

n—1
o (1+Cviyy)
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Robbins-Monro algorithm Almost-sure convergence

o (Sn)n>1 is a positive super-martingale (prove it!) so that it a.s. converges to
Seo € L'(P) and

n—1
Vo =y P+ 2> (Yo =y h(Y2)) “3 Soo [[ (1 + Ciyy) € LN (P)
k=0 k>0

so that, one has
o ano Yntr1{Yn —y*, h(Y,)) < o0, a.s.
o |V —y* 2% Ly, as n — o0

and 3 ¢ such that

Ym) = Yoo, and  Hm(Yom) = 4" A(Yo(n))) = (Yoo = ¥" hlyoo)) =0

so that
(Yoo —y", R(y")) =0

(Y.,)n>1 admits only one “valeur d'adhérence” which is y*.
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[NCLLIRERVEHIGIEIECRITTIN  Almost-sure convergence

o Possible extension of this theorem: If L : R? — R_ is a differentiable function
such that VL is Lipschitz continuous and |VL|> < C(1+ L),
limy| 00 L(y) = 00, {VL =0} = {y*} with

Yy #y*, (VL(y),y—y*) >0.

and
E[[H(y, Z)]*)* < C(1+ L(y))

Then, if L(Yy) € L' (P), one has Y, “3 y*, as n — c0.
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Central limit theorem

We want to investigate the convergence rate of the sequence (Y,,),>0 toward y*.
We will assume that

Yoi1 = Yo = Yus1h(Ya) + ys1AMug1,  AMugr = h(Ya) — H(Ya, ZHY)
satisfies the following assumptions:

o h is twice continuously differentiable

o Dh(y") is an Hurwitz matrix, that is, the smallest real part \,,, of the eigenvalues
of Dh(y™) is positive.

oy~ E[H(y, Z)H(y, Z)"] is continuous and y — E[|H(y, Z)|**°] is locally
bounded for some ¢ > 0.

o X* =E[H(y*, Z)H(y*, Z)"] is definite positive.

o The step sequence (v, )n>1 satisfies one of the following conditions:

0 Yn = nLJSl’ Yo s.t. 2’Y0)\m > 1.
o ’yn:(nliol)pvpe(%71)'
Then, one has

Yo' (Yo —y*) = N(0,T7), with T ;:/ (e PR —ela)syTyx o= (DR(y") =)= g
0
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SGD and Projected SGD

o The classical SA algorithm solves problem

min g(z) = E[G(z, Z)] 2)
where X C R? is a nonempty bounded closed convex set and Z a random variable
from which we can easily sample, by mimicking the simplest subgradient descent
method.

o For chosen z1 € X and a sequence v; > 0, j = 1,..., of stepsizes, it generates
the iterates by the formula

Tjt1 = HX (l'] — ’)’jsz((Eﬁ Z])) ) (3)

where IIx (z) = arg ming/ex ||z — 2'[|2 and (Z7);>1 is an i.i.d. sequence with the
same law as Z.

o Of course, the crucial question of that approach is how to choose the stepsizes
V-
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SGD and Projected SGD

o Let Z be an optimal solution of problem (2). Note that since the set X is
compact and g is continuous, problem (2) has an optimal solution. Note also that
the iterate x; = x;(Z};_1)) is a function of the history Z[;_y := (Z1,...,Z;_1)
of the generated random process and hence is random.

o Denote A; := 1||z; — z||3 and a; := E[A;] = 3E[||lz; — Z||3]. By using the fact
that ITx is a contraction operator and since T € X and hence Ilx (%) = Z, we can
write

1 ; 2
Aj = 3 HHX (mj - ’VszG(%vZJ)) -

2

2
< A+ ZIVGlay, 23— (2 — )T VaGlay, 27).
We also have

E(zj — %) V.G(z;,Z29)] =E{E [(z; — 2) " V.G(z;, Z7)|F;_1] }
= E[(z; — %) Vg(z;)]

using the fact that z; is F;_1 measurable and Z7 is independent of F;.
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SGD and Projected SGD

o Therefore, by taking expectation on both sides of the previous inequality, we
obtain

2
_ V5
aj1 < a; — E[(z; — 2) Vg(a;)] + éMQ, (4)

where
M? = SE)BIE[HV:EG(%@”%] )

~~» We assume that the above constant M is finite.

o Suppose, further, that the expectation function g is strongly convex on X, i.e.,
there is a constant ¢ > 0 such that

9(z') = g(a) + (2’ —2) " Vg(z) + gllx’ —al3, Va'zeX, (6)
or equivalently

(¢' —2)" (Vg(a') = Vg(2)) = clla’ — 2|3, Va',z € X. @)
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SGD and Projected SGD

o Strong convexity of g implies that the minimizer Z is unique. By optimality of Z,
we have that
(x—7)"Vg(x) >0, VrelX. (8)

Combining (8) with (7), we obtain

E[(z; — )" Vg(z;)] > El(z; — 2) " (Vg(z;) — V()]

> B[z - &3] = 2cay.

(9)

Substituting (9) into (4), we get

2

’y,
aj1 < (1= 2c7;)a; + o M. (10)
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SGD and Projected SGD

o Let us take stepsizes 7, = % for some constant v > 2% Then by (10), we have

2cy v M?
“j“g( _7)“” 252

By induction, it follows that

where
pommax ] M
- 22y — 1)

o Suppose further that Z is an interior point of X and Vg(z) is Lipschitz
continuous, i.e., there exists a constant L > 0 such that

IVg(z") — Vg(z)|2 < L||2’ — z|]2, V2',x e X.

Then,

and hence
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SGD and Projected SGD

o Conclusion: Under the specified assumptions, it follows that after n iterations,
the expected error of the current solution is of order O(n~'/2), and the expected
error of the corresponding objective value is of order O(n~1), provided that

1
Y > 5

o Caution: However, this result is highly sensitive to the choice of c.
Overestimating ¢ can lead to suboptimal convergence,
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Some difficulties of GD and SGD

e Implementing a GD or SGD scheme requires fine tuning of learning sequence
() k>1-
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SGD and Projected SGD

Some difficulties of GD and SGD

e Implementing a GD or SGD scheme requires fine tuning of learning sequence
() k>1-
e Basic example: Consider the optimization problem:

2

Minimize {f(:r) = TO}’ over X =[-1,1]CR.
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Some difficulties of GD and SGD

e Implementing a GD or SGD scheme requires fine tuning of learning sequence
(V) k>1-

e Basic example: Consider the optimization problem:

1.2

Minimize {f(a:) = 10}, over X =[-1,1]CR.
e lteration Rule: of the standard GD scheme with learning rate v, = , v > 0.

!
X
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SGD and Projected SGD

Some difficulties of GD and SGD

e Implementing a GD or SGD scheme requires fine tuning of learning sequence
(V) k>1-

e Basic example: Consider the optimization problem:

22
Minimize {f(a:)

210}, over X =[-1,1]CR.

e lteration Rule: of the standard GD scheme with learning rate v, = , v > 0.

!
x
Tht1 = Tk — flaw) (kk) = (1* %) Tk-

e Parameters: 1 =1 and v = 1. It holds

n—1
zo= [0 - é) = e Tiot MUt grsr) 5 o~ O gy dn) S g3
k=1
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SGD and Projected SGD

Some difficulties of GD and SGD

e Implementing a GD or SGD scheme requires fine tuning of learning sequence
(V) k>1-

e Basic example: Consider the optimization problem:

Minimize {f(a:)

1.2

210}, over X =[-1,1]CR.

e lteration Rule: of the standard GD scheme with learning rate v, = , v > 0.

!
x
e Parameters: 1 =1 and v = 1. It holds
n—1

zo= [0 - é) = e Tiot MUt grsr) 5 o~ O gy dn) S g3
k=1

~ Slow convergence: For n = 10%, error remains > 0.013.

Noufel Frikha (noufel.frikha@univ-parisl.fr) Université Paris 1 Panthéon-Sorbonne

February 2026 22 /40



Some difficulties of GD and SGD

e Implementing a GD or SGD scheme requires fine tuning of learning sequence
(V) k>1-

e Basic example: Consider the optimization problem:

Minimize {f(a:) i

xT

210}, over X =[-1,1]CR.

e lteration Rule: of the standard GD scheme with learning rate v, = , v > 0.

!
xT
e Parameters: 1 =1 and v = 1. It holds
n—1

zo= [0 - é) = e Tiot MUt grsr) 5 o~ O gy dn) S g3
k=1

~ Slow convergence: For n = 10%, error remains > 0.013.
~» Optimal choice: v =1/c =5, yields x, = 0 in a single iteration.
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Mirror Descent Algorithm

Mirror Descent Algorithm
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Notations and tools

o Our goal here is to develop a generalization of the stochastic approximation
scheme introduced so far.

We say that a function w : X — R is a distance generating function modulus
«a > 0, if w is convex and continuous on X, the set

X0 := {3: € X : there exists p € R? such that = € arg mi}r{l(ptu + w(u))}
ue

is convex, and restricted to X, w is continuously differentiable and strongly
convex with parameter «,, namely
(2" — )" (Vw(z') — Vw(z)) > al|lz — 2||?, Va2’ € X°.

e Example: w(x) = ||z]|?/2, ~ X° = X,

1
Mo — ) = angip {47 - = ) + | — 3}

and

%HZ — 2]} = w(z) - [w(@) + Vw(@)" (z - 2)]
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Mirror Descent Algorithm

o Let us define the proxy-function V : X° x X — R as follows
V(x,2) = w(z) — [w(x) + Vw(z) (z — z)]

associated to the distance generating function w.
o We now define the proxy mapping P, : R% — X° associated with w and a point
xe X%
P,(y) = argmin {y" (z —z) + V(z,2)} .
z€X
1

e Example: For w(z) = 3/z|

2, we have P.(y) = lx(z —y).
Note that the projected SGD writes

w1 = x(z) — v VeGl(z), 27)) = Py, (1 VaGl(zj, 27)), j21

~> Study the above recursion in the general case of distance generating function
w.
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Mirror Descent Algorithm

Lemma
For any uw € X, any x € X° and vy, the following inequality holds

V(PL)w) < Vieu) +y" (0 - o)+ ol

where ||z, = supy, <1y .

Using the above inequality with = =z, y = v,;V,G(z;,Z7) and u = 7, we get
j 7 7 a0 7y|[2
15(VaGlaj, 27), 25 = 7) S Vg, ) = V2, 2) + 5[ VaGl(z5, 27) |5
which equivalently writes

2
_ _ _ I ¥ ;
Yi(Vg(x;), zj—7) < V(xj, )=V (vjs1,T)—; <AMj7xj—$>+i||VzG($jvZJ)||3

where AM; :=V,G(x;, 27) — Vg(z;).
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Mirror Descent Algorithm

Summing up from j =1,--- ,n, and taking into account that V' (x;,u) > 0 for
any u € X, we get

t

n n 2

i b :
> 7i(Va(xy), wj—2) < V(wy,z Z Ti—T)+Y i”va(%‘,Zj)Hf
j=1 j=1

Introduce the sequence

By convexity of g,

9(Tn) — 9(7) < Zj 1%2% (7))

_Z ) Z%VM — 1)
j= Vi

- V(w1,@) = Y, v(AM, 2 — @) + 0, 29,6 ;. 20)|2
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Mirror Descent Algorithm

As previously done, let us assume that there exists M, < oo such that
IV.G(w, Z)|l. < M..

We also remark that if ; = o(zo, Z*,--- , Z7), then x;41 is F;-mesurable and
Z7+1 is independent of F;.

Hence,

E[AM; 41| Fj) = E[V.G(zj41, 27| Fj]=Vg(xj41) = Vg(241)—Vg(zj41) = 0

We eventually get

V(w1,2)+ (20) " MZ Y01 7f

9(7n) —ming(z) < 5

j=17J

zeX
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Mirror Descent Algorithm

o Question : what about the stepsize strategy?

Robust Mirror Descent SA algorithm with constant stepsize policy:

If the number of iterations N of the mirror descent scheme is fixed in advance
then the constant stepsize strategy 7; =, j = 1,--- , N can be implemented.
Indeed, it holds

_ : V(zy,z) M2y
_ < —_~ -’ 7
Elg(zn)] mig g(x) < N t 5

If we set v = V(j\”j’z) \/ 3%, then we get

Elg(zn)] — min g(z) < V(mlaj)M*\/aiN
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Mirror Descent Algorithm

By the Markov inequality, we get

B , Vi1, 2)M, [ 2
— < - -7 7 = R
P(g(Zn) min g(x) >¢) < 5 N

To obtain much finer bounds, let us assume that
Elexp((|G(x, 2)|2/M2)] < exp(1), Va € X.

Then, for the above constant stepsize choice, for some constant C' > 0, for any
e>0
P(g(zn) — ming(x) > €) < C exp(—keVN)
e
where k = \/a/(v/8M,V (1, %)). It follows that for chosen accuracy ¢ and
confidence level ¢ € (0, 1), the sample size

- CM2V (x1,%)%log?(67 1)

N
ag?

guarantees that T is an e-optimal solution of the true problem with probability
at least 1 — 4.
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Applications

Applications
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Computations of the VaR and the ES of portfolio losses
Computation of VaR and ES

Aim: Compute the VaR and ES of the loss L of a financial portfolio, where L is
easily simulable. Recall that
VaR, (L) =inf{y : P(L <y) > a}, a€(0,1).

We will assume that the c.d.f. of L is continuous and strictly increasing so that
VaR, (L) is the unique solution £* of

P(L<E) =a.
If L € L'(P), the Expected Shortfall of L is defined by
1
ESa(L) = E[LIL > VaRy(L)] = € + ——E[(L — £),].

Actually, (VaR, (L), ES, (L)) solves a convex optimization problem:
Proposition

Set V(&) = E[v(&, L)] with v(&,€) := &+ 2= (£ — £)4+. Then, V is convex,
coercice, differentiable and VaR, (L) is the solution of

ESa(L) =minV(¢), argminV = {¢: V'(§) = E[0ev(¢, L)) = 0}
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Computations of the VaR and the ES of portfolio losses
To estimate £* = VaR, (¢(X)) satisfying V' (£*) = 0, we devise the stochastic
approximation algorithm

1
Ent1="E&n — '7n+1H1(§mL(n+1))7 Hl(&g) = agv(g,f) =1- EI{ZZE}

where & € L'(P) is independent of (L("),,>1, 3>, -1 Yn = 00 and
don>1 42 < oo. Then, according to Robbins-Monro theorem

En EB6F, n— oo,

To compute the ES, (L), one uses the following approximation
- - Ic+1) _
ESa(L) =¢* +1 ~E[(L - ¢)4] ng €+

using the same r.v. (L(k))kzl as the one employed in the first algorithm. Note
that it may be written in recursive form

1 1
Cn+1 Cn n+1H2(Cn7£naL ), H2(67£7£) . c <£+1—Oé(£ g)-l—)
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LTS Computations of the VaR and the ES of portfolio losses

Hence, we see that the couple VaR-CVaR may be approximated by the stochastic
algorithm

Enp1 =&n— %+1H1 (€n, L"HD)

OTH-l - C (gna CTH L(nJrl))
Once, one has proved that &, < ¢*, one can prove that
Cp &% C* =ES,(L), n — oc.

Then, under the additional assumption E[|L|?>*?] < oo for some & > 0, taking
Yn =y1/M, 71 > 0, one may prove the CLT

ays ey T2 E[(L — €7)4]
\/ﬁ( 55 > = N(0,37), ¥ = ( 71 ()2 ) >

ﬁ]E[(L _g*)"r] (1—a)2

if 291 fL(£*) > 1 where y — f1(y) is the density function of the loss L.
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Variance reduction by SGD

o The price of an option often writes E[p(Z)], where Z ~ N(0, I).
We use the transformation

\|2

V6 € R, E[p(2)] = Elp(Z +0)e” 0 7]
so that )
Var(p(Z + 0)e= 20 ="%) = L(0) — E[p(Z)]?
with
L(6) = e 1P E[p(Z + 6)%~220)] = E[p(2)%e~ 2O+,

We have seen that if Va, E[p(Z)?|Z|e®?]] < 400 then L € C*(R?), strictly
convex with limyg|_,o L(#) = 400 if P(¢(Z) # 0) > 0 and

VL(0) = Elp(2)(0 — Z)e~ 405 = Elp(Z — 0)(20 — Z))el”"

Hence, L has a unique global minimum 0* satisfying VL(6*) = 0 and since L is
strictly convex

(Mean-reverting) VO #6¢', (VL(#)— VL(#'),0 —6") >0
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LLISEGE  Importance Sampling by stochastic approxi

o Assume moreover the following control of the growth of the payoff:

0<(z) <Cesl?l vzeR™

Define )

H(,z) = ema(1+01%)2 oz —0)%*(20 — 2)
then one has

{0} ={0 eR*: h(0) =E[H(0,2)] =0} = {0 e R?: VL(0) = 0}

and

vo e RY E[H(0,2)]°] < C(1+0)?)
so that, by the Robbins-Monro theorem, the procedure

Ont1 = On — Vn+1H (On, Z(nﬂ))a
(Z(™),>1 being an i.i.d. sequence of r.v. with common law N(0, I,) satisfies
6, &% 0* = argmin L.

One finaIIy implements the Monte Carlo estimator which satisfies

VNI (57 Z@ 2040 40,)e= @ 00- 5 _Rlp(2)]) = N(0.L(0%)~Elp(2)]
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Risk minimization portfolio by SMD algorithm
Risk minimization portfolio by SMD

We consider a financial market composed of d assets whose returns are given by
the R%valued random variable X.

A financial portfolio is identified with its corresponding vector of weights
u=(u1, - ,uq) belonging to the simplex A, = {u € Ri tup ot ug = 1}.
If the portfolio is given by the vector u € Ay, then —(u, X) = — Zle u; X
corresponds to its loss.

We want to find the following risk minimization portfolio
4 € arg min p(—(u, X
g min p(—{u, X))
where p is a convex risk measure.

o Examples:
@ The variance p(Z) = Var(Z)
@ The Expected Shortfall

p(Z) = ESa(Z) = ming {Elv(¢, 2)] == € + L5EI(Z - €)1},
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Risk minimization portfolio by SMD algorithm
To handle the optimization domain Ag = {u € R% : uy 4 -+ +ug = 1}, we can
use the Mirror Descent algorithm with the negative entropy as a distance
generating function

d
w(u) = Zul log(u;), ue€ Ag,
i=1

so that the proxy function

d
1
V(') =Y uilog(ui/u) ~ V(') > 3flu— |

i=1

The deterministic Mirror Descent algorithm writes

k41 = Pu,, (7 Vau[p(—(ur, X ))])
= argurgibr‘ld {6 (Valp(—=(ur, X D)) w — ug) + V(ug, u)}

which can be solved explicitly

b, = kP o, X)) R
T ] exp(— 1, [o(—(up, X ))])) C
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Risk minimization portfolio by SMD algorithm
To handle the case of the Expected Shortfall, one has to rely on the Stochastic
Mirror Descent Scheme. The portfolio optimization problem writes

(,€) €arg  min  E[v(¢, —(u, X))]

(u,§)eAgXR

Define ,
1
u,§) = Zuz log(u;) + 552, (u, &) € Ag x R,

i=1
so that the proxy function

V((u, ), Zu log (uj/us) + ( &)’
which satisfies

Vi{(0,6), (,€) 2 Sl — o/ + 5(6 ~ €7
The SMD now writes

(Ukt15Er41)

= arg min {’Yk<V(§,u)’U(£, _<uk7 Xk>)’ (u7£) - (uka gk» + V((u7 5)7 (uk’ gk))}

(u,E)GAd xR
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PYTIIEY Risk minimization portfolio by SMD algorithm

The solution to the previous minimization problem is explicit

el X))
Uky1 = d J & y U= )
Zj:l Uy, exp(iykaujv(£k77<ukvX >))

1 = &k — V0V (&, — (up, XF))

where (X*);>1 is an i.i.d. sequence or random variables with the same law as X
If we set xp, = (ux, &), kK > 1, and

g9(x) = E[v(§, —(u, X))], = = (u,).
Take a constant step size v = %ﬂm\/% then we get

Elg(e)] - min Efo(6,—{u, X)) £ Vo, 2)May 5
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