
Chapter 2:
Introduction to stochastic approximation algorithms

and
their applications in mathematical finance

Noufel Frikha
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Introduction

Introduction

In mathematical finance, one often has to solve optimization or inverse problems
(zero search problems) such as
◦ Implicit volatility: find σ ∈ R+ such that

E[(ST (σ)−K)+] = Pmarket

◦ Implicit correlation: find ρ ∈ [−1, 1] such that

E[(max(S1
T (ρ), S

2
T (ρ))−K)+] = Pmarket

where

S1
T (ρ) = S1

0e
(r−σ2

1/2)T+σ1W
1
T , S2

T (ρ) = S2
0e

(r−σ2
2/2)T+σ2(ρW

1
T+

√
1−ρ2W2

T ),

◦ Computation of the (VaRα, CVaRα): find (ξ∗, C∗) ∈ R2 such that

P(L ≤ ξ∗) = α, C∗ = ξ∗ +
1

1− α
E[(L− ξ∗)+].

◦ Static Risk minimization portfolio:

inf
θ∈∆+

d

ρ(−⟨θ.X⟩)

where ρ is a convex risk measure and X stands for assets return.
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Introduction

In all these situations one has to compute the zero of a function h which writes

h(y) = E[H(y, Z)], H : Rd × Rq → Rd

where Z is a random variable easy to simulate.

In general, to estimate {y∗} = {h = 0}, one may use a Newton-Raphson like
procedure with dynamics

yn+1 = yn − γn+1h(yn), n ≥ 0, y0 ∈ Rd (1)

⇝ Local convergence of Newton-Raphson algorithm: ∃δ > 0 s.t.

γn+1 = Dh(yn)
−1 and |y0 − y∗| ≤ δ ⇒ yn → y∗, n → ∞.

To derive the convergence of (yn)n≥0 given by (1) one usually supposes that y∗ is
attractive in the following sense

∀y ̸= y∗, ⟨y − y∗, h(y)⟩ > 0 (Mean reverting assumption)

or, that there exists a Lyapunov function L : Rd → R+, s.t.
lim|y|→∞ L(y) = +∞ and

∀y ̸= y∗, ⟨∇L(y), h(y)⟩ > 0 and {∇L = 0} = {y∗}
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Convergence of the deterministic algorithm

S

uppose that h : Rd → Rd is continuous, {y∗} = {h = 0} and satisfies:

◦ Mean reverting:
∀y ̸= y∗, ⟨y − y∗, h(y)⟩ > 0,

◦ Sub-linear growth:

∀y ∈ Rd, |h(y)|2 ≤ C(1 + |y − y∗|2)

◦ Step of the algorithm: (γn)n≥1 is a positive step sequence satisfying∑
n≥1

γn = ∞ and
∑
n≥1

γ2
n < ∞.

Then, one has

yn → y∗, n → ∞ and
∑
n≥1

γn⟨yn − y∗, h(yn)⟩ < ∞
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Proof: Use the dynamics (1) to write

|yn+1 − y∗|2 = |yn − y∗|2 − 2γn+1⟨yn − y∗, h(yn)⟩+ γ2
n+1|h(yn)|2

≤ (1 + Cγ2
n+1)|yn − y∗|2 − 2γn+1⟨yn − y∗, h(yn)⟩+ Cγ2

n+1

Let (sn)n≥1 be the positive sequence defined by

sn :=
|yn − y∗|2 + 2

∑n−1
k=0 γk+1⟨yk − y∗, h(yk)⟩+ C

∑
k≥n γ2

k+1∏n−1
k=0 (1 + Cγ2

k+1)

then, using the preceding inequality, one easily checks that

sn+1 ≤
(1 + Cγ2

n+1))|yn − y∗|2 + 2
∑n−1

k=0 γk+1⟨yk − y∗, h(yk)⟩+ C
∑

k≥n γ2
k+1∏n

k=0(1 + Cγ2
k+1)

≤ sn

so that, (sn)n≥1 is a positive non-increasing sequence so that it converges to some
s∞ ≥ 0.
Since

∑
n≥1 γ

2
n < ∞, we deduce the two following facts

1 (|yn − y∗|2)n≥1 is bounded,

2
∑

n≥0 γn+1⟨yn − y∗, h(yn)⟩ < ∞

so that, |yn − y∗|2 → L∞ as n → ∞.
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Introduction

From the above partial conclusion, we deduce that lim infn⟨yn − y∗, h(yn)⟩ = 0
so that there exists an increasing ϕ s.t.

yϕ(n) → y∞ and ⟨yϕ(n) − y∗, h(yϕ(n))⟩ → 0.

Since h is continuous, one gets ⟨y∞ − y∗, h(y∞)⟩ = 0 so that y∞ = y∗ and
L∞ = 0. We thus conclude that (yn)n≥1 converges to y∗.
Remarks:

When h(y) = E[H(y, Z)], this procedure is not satisfactory because one does
not have a direct access to the values of h.

One may replace h by its Monte Carlo approximation using M i.i.d. samples
(Zi)1≤i≤M :

hM (y) :=
1

M

M∑
i=1

H(y, Zi)

and then run the algorithm...
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Robbins-Monro algorithm Almost-sure convergence

Robbins-Monro theorem

Let H : Rd × Rq → Rd and set h(y) = E[H(y, Z)]. Assume that h is continuous
with {h = 0} = {y∗} and satisfies the two following conditions:

(H1) Mean-reverting: ∀y ̸= y∗, ⟨y − y∗, h(y)⟩ > 0.

(H2) Linear growth: ∀y ∈ Rd, E[|H(y, Z)|2] 12 ≤ C(1 + |y − y∗|2)
Let (γn)n≥1 be a sequence of positive numbers such that∑

n≥1

γn = ∞,
∑
n≥1

γ2
n < ∞.

Finally, assume that Y0 is a r.v. independent of (Z(n))n≥1 such that E[|Y0|2] < ∞
then the recursive procedure

Yn+1 = Yn − γn+1H(Yn, Z
(n+1)), n ≥ 0

satisfies

Yn
a.s.−→ y∗, as n → ∞ and

∑
n≥1

γn⟨Yn − y∗, h(Yn)⟩ < ∞, a.s.
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Robbins-Monro algorithm Almost-sure convergence

The key of the proof is the convergence theorem for non-negative
supermartingales:
◦ Let (Sn)≥0 be a non-negative super-martingale w.r.t to (Fn)n≥0 on a
probability space (Ω,A,P), i.e. Sn ≥ 0, Sn ∈ L1(P) and E[Sn+1|Fn] ≤ Sn a.s.

then Sn
a.s.→ S∞ ≥ 0 as n → ∞.

◦ Set Fn = σ(Y0, Z
(1), · · · , Z(n)), n ≥ 1 and ∆Mn+1 := H(Yn, Z

(n+1))− h(Yn).
Note that

E[∆Mn+1|Fn] = E[H(Yn, Z
(n+1))|Fn]− h(Yn) = h(Yn)− h(Yn) = 0.

Hence,

|Yn+1 − y∗|2 = |Yn − y∗|2 − 2γn+1⟨Yn − y∗, H(Yn, Z
(n+1))⟩+ γ2

n+1|H(Yn, Z
(n+1))|2

= |Yn − y∗|2 − 2γn+1⟨Yn − y∗, h(Yn)⟩+ γ2
n+1|H(Yn, Z

(n+1))|2

− 2γn+1⟨Yn − y∗,∆Mn+1)⟩

which proves (by induction on n) that |Yn − y∗|2 ∈ L1(P). Then, one defines

∀n ≥ 1, Sn :=
|Yn − y∗|2 + 2

∑n−1
k=0 γk+1⟨Yk − y∗, h(Yk)⟩+ C

∑
k≥n γ

2
k+1∏n−1

k=0(1 + Cγ2
k+1)
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◦ (Sn)n≥1 is a positive super-martingale (prove it!) so that it a.s. converges to
S∞ ∈ L1(P) and

|Yn − y∗|2 + 2

n−1∑
k=0

γk+1⟨Yk − y∗, h(Yk)⟩
a.s.→ S∞

∏
k≥0

(1 + Cγ2
k+1) ∈ L1(P)

so that, one has

◦
∑

n≥0 γn+1⟨Yn − y∗, h(Yn)⟩ < ∞, a.s.

◦ |Yn − y∗|2 a.s.→ L∞, as n → ∞
and ∃ ϕ such that

Yϕ(n) → y∞, and lim
n
⟨Yϕ(n) − y∗, h(Yϕ(n))⟩ = ⟨y∞ − y∗, h(y∞)⟩ = 0

so that
⟨y∞ − y∗, h(y∗)⟩ = 0

(Yn)n≥1 admits only one “valeur d’adhérence” which is y∗.
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◦ Possible extension of this theorem: If L : Rd → R+ is a differentiable function
such that ∇L is Lipschitz continuous and |∇L|2 ≤ C(1 + L),
lim|y|→∞ L(y) = ∞, {∇L = 0} = {y∗} with

∀y ̸= y∗, ⟨∇L(y), y − y∗⟩ > 0.

and
E[|H(y, Z)|2] 12 ≤ C(1 + L(y))

Then, if L(Y0) ∈ L1(P), one has Yn
a.s.→ y∗, as n → ∞.
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Central limit theorem

We want to investigate the convergence rate of the sequence (Yn)n≥0 toward y∗.
We will assume that

Yn+1 = Yn − γn+1h(Yn) + γn+1∆Mn+1, ∆Mn+1 = h(Yn)−H(Yn, Z
(n+1))

satisfies the following assumptions:

◦ h is twice continuously differentiable

◦ Dh(y∗) is an Hurwitz matrix, that is, the smallest real part λm of the eigenvalues
of Dh(y∗) is positive.

◦ y 7→ E[H(y, Z)H(y, Z)T ] is continuous and y 7→ E[|H(y, Z)|2+δ] is locally
bounded for some δ > 0.

◦ Σ∗ = E[H(y∗, Z)H(y∗, Z)T ] is definite positive.

◦ The step sequence (γn)n≥1 satisfies one of the following conditions:

γn = γ0
n+1

, γ0 s.t. 2γ0λm > 1.

γn = γ0
(n+1)ρ

, ρ ∈ ( 1
2
, 1).

Then, one has√
γ−1
n (Yn − y∗) ⇒ N (0,Γ∗), with Γ∗ :=

∫ ∞

0

(e−(Dh(y∗)−ξId)s)TΣ∗e−(Dh(y∗)−ξId)sds
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SGD and Projected SGD

SGD and Projected SGD

◦ The classical SA algorithm solves problem

min
x∈X

g(x) = E[G(x, Z)] (2)

where X ⊂ Rd is a nonempty bounded closed convex set and Z a random variable
from which we can easily sample, by mimicking the simplest subgradient descent
method.
◦ For chosen x1 ∈ X and a sequence γj > 0, j = 1, . . ., of stepsizes, it generates
the iterates by the formula

xj+1 := ΠX

(
xj − γj∇xG(xj , Z

j)
)
, (3)

where ΠX(x) = argminx′∈X ∥x− x′∥2 and (Zj)j≥1 is an i.i.d. sequence with the
same law as Z.

◦ Of course, the crucial question of that approach is how to choose the stepsizes
γj .
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SGD and Projected SGD

◦ Let x̄ be an optimal solution of problem (2). Note that since the set X is
compact and g is continuous, problem (2) has an optimal solution. Note also that
the iterate xj = xj(Z[j−1]) is a function of the history Z[j−1] := (Z1, . . . , Zj−1)
of the generated random process and hence is random.

◦ Denote Aj :=
1
2∥xj − x̄∥22 and aj := E[Aj ] =

1
2E[∥xj − x̄∥22]. By using the fact

that ΠX is a contraction operator and since x̄ ∈ X and hence ΠX(x̄) = x̄, we can
write

Aj+1 =
1

2

∥∥∥ΠX

(
xj − γj∇xG(xj , Z

j)
)
− x̄
∥∥∥2
2

≤ Aj +
γ2
j

2
∥∇xG(xj , Z

j)∥22 − γj(xj − x̄)⊤∇xG(xj , Z
j).

We also have

E[(xj − x̄)⊤∇xG(xj , Z
j)] = E

{
E
[
(xj − x̄)⊤∇xG(xj , Z

j)|Fj−1

]}
= E[(xj − x̄)⊤∇g(xj)]

using the fact that xj is Fj−1 measurable and Zj is independent of Fj .
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SGD and Projected SGD

◦ Therefore, by taking expectation on both sides of the previous inequality, we
obtain

aj+1 ≤ aj − γjE[(xj − x̄)⊤∇g(xj)] +
γ2
j

2
M2, (4)

where
M2 := sup

x∈X
E[∥∇xG(x, ξ)∥22]. (5)

⇝ We assume that the above constant M is finite.

◦ Suppose, further, that the expectation function g is strongly convex on X, i.e.,
there is a constant c > 0 such that

g(x′) ≥ g(x) + (x′ − x)⊤∇g(x) +
c

2
∥x′ − x∥22, ∀x′, x ∈ X, (6)

or equivalently

(x′ − x)⊤(∇g(x′)−∇g(x)) ≥ c∥x′ − x∥22, ∀x′, x ∈ X. (7)
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SGD and Projected SGD

◦ Strong convexity of g implies that the minimizer x̄ is unique. By optimality of x̄,
we have that

(x− x̄)⊤∇g(x) ≥ 0, ∀x ∈ X. (8)

Combining (8) with (7), we obtain

E[(xj − x̄)⊤∇g(xj)] ≥ E[(xj − x̄)⊤(∇g(xj)−∇g(x̄))]

≥ cE[∥xj − x̄∥22] = 2caj .
(9)

Substituting (9) into (4), we get

aj+1 ≤ (1− 2cγj)aj +
γ2
j

2
M2. (10)
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SGD and Projected SGD

◦ Let us take stepsizes γj =
γ
j for some constant γ > 1

2c . Then by (10), we have

aj+1 ≤
(
1− 2cγ

j

)
aj +

γ2M2

2j2
. (11)

By induction, it follows that

aj ≤ κ

j
, (12)

where

κ := max

{
γ2M2

2(2cγ − 1)
, a1

}
. (13)

◦ Suppose further that x̄ is an interior point of X and ∇g(x) is Lipschitz
continuous, i.e., there exists a constant L > 0 such that

∥∇g(x′)−∇g(x)∥2 ≤ L∥x′ − x∥2, ∀x′, x ∈ X. (14)

Then,

g(x) ≤ g(x̄) +
L

2
∥x− x̄∥22, ∀x ∈ X, (15)

and hence

E[g(xj)− g(x̄)] ≤ Laj ≤
Lκ

j
. (16)

Noufel Frikha (noufel.frikha@univ-paris1.fr) Université Paris 1 Panthéon-Sorbonne February 2026 20 / 40



SGD and Projected SGD

◦ Conclusion: Under the specified assumptions, it follows that after n iterations,
the expected error of the current solution is of order O(n−1/2), and the expected
error of the corresponding objective value is of order O(n−1), provided that
γ > 1

2c .

◦ Caution: However, this result is highly sensitive to the choice of c.
Overestimating c can lead to suboptimal convergence,
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SGD and Projected SGD

Some difficulties of GD and SGD

• Implementing a GD or SGD scheme requires fine tuning of learning sequence
(γk)k≥1.

• Basic example: Consider the optimization problem:

Minimize

{
f(x) =

x2

10

}
, over X = [−1, 1] ⊂ R.

• Iteration Rule: of the standard GD scheme with learning rate γk = γ
k
, γ > 0.

xk+1 = xk − f ′(xk)

k
=
(
1− γ

5k

)
xk.

• Parameters: x1 = 1 and γ = 1. It holds

xn =

n−1∏
k=1

(1− 1

5k
) = e−

∑n−1
k=1

ln(1+ 1
5k−1

) > e−(0.25+
∫n−1
1

1
5t−1

dt) > 0.8n− 1
5

⇝ Slow convergence: For n = 109, error remains > 0.013.
⇝ Optimal choice: γ = 1/c = 5, yields xk = 0 in a single iteration.

Conclusion:
Properly choosing stepsize is critical to achieving efficient convergence.
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SGD and Projected SGD

Some difficulties of GD and SGD

• Implementing a GD or SGD scheme requires fine tuning of learning sequence
(γk)k≥1.

• Basic example: Consider the optimization problem:

Minimize

{
f(x) =

x2

10

}
, over X = [−1, 1] ⊂ R.

• Iteration Rule: of the standard GD scheme with learning rate γk = γ
k
, γ > 0.

xk+1 = xk − f ′(xk)

k
=
(
1− γ

5k

)
xk.

• Parameters: x1 = 1 and γ = 1. It holds

xn =

n−1∏
k=1

(1− 1

5k
) = e−

∑n−1
k=1

ln(1+ 1
5k−1

) > e−(0.25+
∫n−1
1

1
5t−1

dt) > 0.8n− 1
5

⇝ Slow convergence: For n = 109, error remains > 0.013.
⇝ Optimal choice: γ = 1/c = 5, yields xk = 0 in a single iteration.

Conclusion:
Properly choosing stepsize is critical to achieving efficient convergence.

Noufel Frikha (noufel.frikha@univ-paris1.fr) Université Paris 1 Panthéon-Sorbonne February 2026 22 / 40
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xk+1 = xk − f ′(xk)

k
=
(
1− γ

5k

)
xk.

• Parameters: x1 = 1 and γ = 1. It holds

xn =

n−1∏
k=1

(1− 1

5k
) = e−

∑n−1
k=1

ln(1+ 1
5k−1

) > e−(0.25+
∫n−1
1

1
5t−1

dt) > 0.8n− 1
5

⇝ Slow convergence: For n = 109, error remains > 0.013.
⇝ Optimal choice: γ = 1/c = 5, yields xk = 0 in a single iteration.

Conclusion:
Properly choosing stepsize is critical to achieving efficient convergence.
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Notations and tools

◦ Our goal here is to develop a generalization of the stochastic approximation
scheme introduced so far.
We say that a function w : X → R is a distance generating function modulus
α > 0, if w is convex and continuous on X, the set

Xo :=

{
x ∈ X : there exists p ∈ Rd such that x ∈ arg min

u∈X
(ptu+ w(u))

}
is convex, and restricted to Xo, w is continuously differentiable and strongly
convex with parameter α, namely

(x′ − x)t(∇w(x′)−∇w(x)) ≥ α∥x− x′∥2, ∀x, x′ ∈ Xo.

• Example: w(x) = ∥x∥2/2, ⇝ Xo = X,

ΠX(x− y) = argmin
z∈X

{
yT (z − x) +

1

2
∥z − x∥22

}
and

1

2
∥z − x∥22 = w(z)− [w(x) +∇w(x)T (z − x)]
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◦ Let us define the proxy-function V : Xo ×X → R+ as follows

V (x, z) := w(z)− [w(x) +∇w(x)T (z − x)]

associated to the distance generating function w.
◦ We now define the proxy mapping Px : Rd → Xo associated with w and a point
x ∈ Xo:

Px(y) = argmin
z∈X

{
yT (z − x) + V (x, z)

}
.

• Example: For w(x) = 1
2∥x∥

2
2, we have Px(y) = ΠX(x− y).

Note that the projected SGD writes

xj+1 = ΠX(xj − γj∇xG(xj , Z
j)) = Pxj (γj∇xG(xj , Z

j)), j ≥ 1

⇝ Study the above recursion in the general case of distance generating function
w.
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Lemma

For any u ∈ X, any x ∈ Xo and y, the following inequality holds

V (Px(y), u) ≤ V (x, u) + yT (u− x) +
1

2α
∥y∥2⋆

where ∥x∥⋆ = sup∥y∥≤1 y
Tx.

Using the above inequality with x = xj , y = γj∇xG(xj , Z
j) and u = x̄, we get

γj⟨∇xG(xj , Z
j), xj − x̄⟩ ≤ V (xj , x̄)− V (xj+1, x̄) +

γ2
j

2α
∥∇xG(xj , Z

j)∥2⋆

which equivalently writes

γj⟨∇g(xj), xj−x̄⟩ ≤ V (xj , x̄)−V (xj+1, x̄)−γj⟨∆Mj , xj−x̄⟩+
γ2
j

2α
∥∇xG(xj , Z

j)∥2⋆

where ∆Mj := ∇xG(xj , Z
j)−∇g(xj).
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Summing up from j = 1, · · · , n, and taking into account that V (xj , u) ≥ 0 for
any u ∈ X, we get

n∑
j=1

γj⟨∇g(xj), xj−x̄⟩ ≤ V (x1, x̄)−
t∑

j=1

γj⟨∆Mj , xj−x̄⟩+
n∑

j=1

γ2
j

2α
∥∇xG(xj , Z

j)∥2⋆

Introduce the sequence

x̄n =
1∑n

j=1 γj

n∑
j=1

γjxj

By convexity of g,

g(x̄n)− g(x̄) ≤ 1∑n
j=1 γj

n∑
j=1

γj(g(xj)− g(x̄))

≤ 1∑n
j=1 γj

n∑
j=1

γj⟨∇g(xj), xj − x̄⟩

≤
V (x1, x̄)−

∑t
j=1 γj⟨∆Mj , xj − x̄⟩+

∑n
j=1

γ2
j

2α∥∇xG(xj , Z
j)∥2⋆∑n

j=1 γj
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As previously done, let us assume that there exists M⋆ < ∞ such that
∥∇xG(x, Z)∥⋆ ≤ M⋆.
We also remark that if Fj = σ(x0, Z

1, · · · , Zj), then xj+1 is Fj-mesurable and
Zj+1 is independent of Fj .
Hence,

E[∆Mj+1 | Fj ] = E[∇xG(xj+1, Z
j+1)| Fj ]−∇g(xj+1) = ∇g(xj+1)−∇g(xj+1) = 0

We eventually get

g(x̄n)−min
x∈X

g(x) ≤
V (x1, x̄) + (2α)−1M2

⋆

∑n
j=1 γ

2
j∑n

j=1 γj
.
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◦ Question : what about the stepsize strategy?

Robust Mirror Descent SA algorithm with constant stepsize policy:
If the number of iterations N of the mirror descent scheme is fixed in advance
then the constant stepsize strategy γj = γ, j = 1, · · · , N can be implemented.
Indeed, it holds

E[g(x̄N )]−min
x∈X

g(x) ≤ V (x1, x̄)

γN
+

M2
⋆γ

2α

If we set γ = V (x1,x̄)
M⋆

√
2α
N , then we get

E[g(x̄N )]−min
x∈X

g(x) ≤ V (x1, x̄)M⋆

√
2

αN
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By the Markov inequality, we get

P(g(x̄N )−min
x∈X

g(x) > ε) ≤ V (x1, x̄)M⋆

ε

√
2

αN

To obtain much finer bounds, let us assume that

E[exp(∥G(x, Z)∥2⋆/M2
⋆ )] ≤ exp(1), ∀x ∈ X.

Then, for the above constant stepsize choice, for some constant C > 0, for any
ε > 0

P(g(x̄N )−min
x∈X

g(x) > ε) ≤ C exp(−κε
√
N)

where κ =
√
α/(

√
8M⋆V (x1, x̄)). It follows that for chosen accuracy ε and

confidence level δ ∈ (0, 1), the sample size

N ≥ CM2
⋆V (x1, x̄)

2 log2(δ−1)

αε2

guarantees that x̄N is an ε-optimal solution of the true problem with probability
at least 1− δ.
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Computation of VaR and ES

Aim: Compute the VaR and ES of the loss L of a financial portfolio, where L is
easily simulable. Recall that

VaRα(L) = inf {y : P(L ≤ y) ≥ α} , α ∈ (0, 1).

We will assume that the c.d.f. of L is continuous and strictly increasing so that
VaRα(L) is the unique solution ξ∗ of

P(L ≤ ξ) = α.

If L ∈ L1(P), the Expected Shortfall of L is defined by

ESα(L) = E[L|L ≥ VaRα(L)] = ξ∗ +
1

1− α
E[(L− ξ∗)+].

Actually, (VaRα(L),ESα(L)) solves a convex optimization problem:

Proposition

Set V (ξ) = E[v(ξ, L)] with v(ξ, ℓ) := ξ + 1
1−α (ℓ− ξ)+. Then, V is convex,

coercice, differentiable and VaRα(L) is the solution of

ESα(L) = min
ξ∈R

V (ξ), argminV = {ξ : V ′(ξ) = E[∂ξv(ξ, L)] = 0} .
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To estimate ξ∗ = VaRα(φ(X)) satisfying V ′(ξ∗) = 0, we devise the stochastic
approximation algorithm

ξn+1 = ξn − γn+1H1(ξn, L
(n+1)), H1(ξ, ℓ) = ∂ξv(ξ, ℓ) = 1− 1

1− α
1{ℓ≥ξ}

where ξ0 ∈ L1(P) is independent of (L(n))n≥1,
∑

n≥1 γn = ∞ and∑
n≥1 γ

2
n < ∞. Then, according to Robbins-Monro theorem

ξn
a.s.−→ ξ∗, n → ∞.

To compute the ESα(L), one uses the following approximation

ESα(L) = ξ∗ +
1

1− α
E[(L− ξ∗)+] ≈ Cn :=

1

n

n−1∑
k=0

ξk +
1

1− α
(L(k+1) − ξk)+

using the same r.v. (L(k))k≥1 as the one employed in the first algorithm. Note
that it may be written in recursive form

Cn+1 = Cn−
1

n+ 1
H2(Cn, ξn, L

(n+1)), H2(c, ξ, ℓ) := c−
(
ξ+

1

1− α
(ℓ− ξ)+

)
.
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Hence, we see that the couple VaR-CVaR may be approximated by the stochastic
algorithm {

ξn+1 = ξn − γn+1H1(ξn, L
(n+1))

Cn+1 = Cn − 1
n+1H2(ξn, Cn, L

(n+1))

Once, one has proved that ξn
a.s.−→ ξ∗, one can prove that

Cn
a.s.−→ C∗ = ESα(L), n → ∞.

Then, under the additional assumption E[|L|2+δ] < ∞ for some δ > 0, taking
γn = γ1/n, γ1 > 0, one may prove the CLT

√
n

(
ξn − ξ∗

Cn − C∗

)
⇒ N (0,Σ∗), Σ∗ =

(
α(1−α)

fL(ξ∗)2
α

1−α
E[(L− ξ∗)+]

α
1−α

E[(L− ξ∗)+]
V ar((L−ξ∗)+)

(1−α)2

)

if 2γ1fL(ξ
∗) > 1 where y 7→ fL(y) is the density function of the loss L.
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Variance reduction by SGD

◦ The price of an option often writes E[φ(Z)], where Z ∼ N (0, Id).
We use the transformation

∀θ ∈ Rd, E[φ(Z)] = E[φ(Z + θ)e−⟨Z,θ⟩− |θ|2
2 ]

so that

Var(φ(Z + θ)e−⟨Z,θ⟩− |θ|2
2 ) = L(θ)− E[φ(Z)]2

with

L(θ) = e−|θ|2E[φ(Z + θ)2e−2⟨Z,θ⟩] = E[φ(Z)2e−⟨Z,θ⟩+ |θ|2
2 ].

We have seen that if ∀a, E[φ(Z)2|Z|ea|Z|] < +∞ then L ∈ C1(Rd), strictly
convex with lim|θ|→∞ L(θ) = +∞ if P(φ(Z) ̸= 0) > 0 and

∇L(θ) = E[φ(Z)2(θ − Z)e−⟨Z,θ⟩+ |θ|2
2 ] = E[φ(Z − θ)2(2θ − Z)]e|θ|

2

Hence, L has a unique global minimum θ∗ satisfying ∇L(θ∗) = 0 and since L is
strictly convex

(Mean-reverting) ∀θ ̸= θ′, ⟨∇L(θ)−∇L(θ′), θ − θ′⟩ > 0
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◦ Assume moreover the following control of the growth of the payoff:

0 ≤ φ(z) ≤ Ce
a
2 |z|, ∀z ∈ Rd.

Define

H(θ, z) = e−a(1+θ|2)
1
2 φ(z − θ)2(2θ − z)

then one has

{θ∗} =
{
θ ∈ Rd : h(θ) = E[H(θ, Z)] = 0

}
=

{
θ ∈ Rd : ∇L(θ) = 0

}
and

∀θ ∈ Rd, E[|H(θ, Z)|2] ≤ C(1 + |θ|2)
so that, by the Robbins-Monro theorem, the procedure

θn+1 = θn − γn+1H(θn, Z
(n+1)),

(Z(n))n≥1 being an i.i.d. sequence of r.v. with common law N (0, Id) satisfies

θn
a.s.−→ θ∗ = argminL.

One finally implements the Monte Carlo estimator which satisfies

√
M

( 1

M

M∑
k=1

φ(Z(k+1)+θk)e
−⟨Z(k+1),θk⟩−

|θk|2
2 −E[φ(Z)]

)
⇒ N (0, L(θ∗)−E[φ(Z)]2).
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Risk minimization portfolio by SMD

We consider a financial market composed of d assets whose returns are given by
the Rd-valued random variable X.

A financial portfolio is identified with its corresponding vector of weights
u = (u1, · · · , ud) belonging to the simplex ∆d =

{
u ∈ Rd

+ : u1 + · · ·+ ud = 1
}
.

If the portfolio is given by the vector u ∈ ∆d, then −⟨u,X⟩ = −
∑d

i=1 uiXi

corresponds to its loss.

We want to find the following risk minimization portfolio

ū ∈ arg min
u∈∆d

ρ(−⟨u,X⟩)

where ρ is a convex risk measure.

◦ Examples:

The variance ρ(Z) = Var(Z)

The Expected Shortfall

ρ(Z) = ESα(Z) := minξ

{
E[v(ξ, Z)] := ξ + 1

1−αE[(Z − ξ)+]
}
.
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To handle the optimization domain ∆d =
{
u ∈ Rd

+ : u1 + · · ·+ ud = 1
}
, we can

use the Mirror Descent algorithm with the negative entropy as a distance
generating function

w(u) =

d∑
i=1

ui log(ui), u ∈ ∆d,

so that the proxy function

V (u, u′) =

d∑
i=1

u′
i log(u

′
i/ui)⇝ V (u, u′) ≥ 1

2
∥u− u′∥2

The deterministic Mirror Descent algorithm writes

uk+1 = Puk
(γk∇u[ρ(−⟨uk, X ⟩)])

= arg min
u∈∆d

{γk⟨∇u[ρ(−⟨uk, X ⟩)], u− uk⟩+ V (uk, u)}

which can be solved explicitly

ui
k+1 =

ui
k exp(−γk∂ui [ρ(−⟨uk, X ⟩)])∑d

j=1 u
j
k exp(−γk∂uj

[ρ(−⟨uk, X ⟩)])
, i = 1, · · · , d.
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To handle the case of the Expected Shortfall, one has to rely on the Stochastic
Mirror Descent Scheme. The portfolio optimization problem writes

(ū, ξ̄) ∈ arg min
(u,ξ)∈∆d×R

E[v(ξ,−⟨u,X⟩)]

Define

w(u, ξ) =

d∑
i=1

ui log(ui) +
1

2
ξ2, (u, ξ) ∈ ∆d × R,

so that the proxy function

V ((u, ξ), (u′, ξ′)) =

d∑
i=1

u′
i log(u

′
i/ui) +

1

2
(ξ − ξ′)2

which satisfies

V ((u, ξ), (u′, ξ′)) ≥ 1

2
∥u− u′∥2 + 1

2
(ξ − ξ′)2.

The SMD now writes

(uk+1, ξk+1)

= arg min
(u,ξ)∈∆d×R

{
γk⟨∇(ξ,u)v(ξ,−⟨uk, X

k⟩), (u, ξ)− (uk, ξk)⟩+ V ((u, ξ), (uk, ξk))
}
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The solution to the previous minimization problem is explicit

ui
k+1 =

ui
k exp(−γk∂ui

v(ξk,−⟨uk, X
k⟩))∑d

j=1 u
j
k exp(−γk∂uj

v(ξk,−⟨uk, Xk⟩))
, i = 1, · · · , d

ξk+1 = ξk − γk∂ξv(ξk,−⟨uk, X
k⟩)

where (Xk)k≥1 is an i.i.d. sequence or random variables with the same law as X.

If we set xk = (uk, ξk), k ≥ 1, and

g(x) = E[v(ξ,−⟨u,X⟩)], x = (u, ξ).

Take a constant step size γ = V (x1,x̄)
M⋆

√
2
N , then we get

E[g(x̄N )]− min
x∈∆d×R

E[v(ξ,−⟨u,X⟩)] ≤ V (x1, x̄)M⋆

√
2

N
.
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