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Hotelling's model .

① comfeting on location

A

.onMosh quilibrem . They concentrate

② competition on prices .

·
we fix firms' location .

Firm A is at o

Firm B is at D.
-

· They mest choose in and pi



·
the vertoners attach come vole V to the good.

If a vetomer's location is at t with OxtID,
her utility from buying from

firm A : V
- P -

et

- firm B : V - PB -
c (D-t)

A # B
↑

a D
--

A D-t

If prices are too high ,
consumers don't buy

How to determine the demand for eack firm ?
We have to find to such that

V - PA -

cEt = V - PB - c (D-t
* )

.

1) PB-PA = - (D + c+* + c



Es CD + PB - PA = A+
20

At= customers ~ VIO ; B]
hom sto At we lave Acas-

unes .

Demand to firm A = all ustomers from o
to ↑

11" B = 11 / "At to D.

Suppose marginal cost of production is 0
↑
A
= PXt

+
=p

#B : PB : /D-:
+ 1-E)

d
D - [1 + PB]

=
D - B - P

Next : maximize the profit functions.



=
=D - 1xxpa = 0 E) Pa=

&C

E+
Best response function for firm A

de EL PB=At Best response function for firm

MB = PBX +PPB

=P- EP
Ne : [Pa= Pa

*
= PB* = c D

.

PB=
conclusions :. higher c - higher prices

· higher D
-> higher prices .



f(x = ka

f(x) = of
[e(u) - ~(x)] = cv + vu

③ What if firms can decide location and prices

Twooffering faces :

·
Attraction force : close to each other

to stea the customess.

· Repulsion face : they monopoly

power in their neighborod.

which face is stranger 7 No definite answer.



CHAPTER H
.

Mixed strategy equilibrium

motching pennies

H
dea
+

H 1, - 1 - 1
,
1 ·

no Nash equilibrium in pere
17

strategy .

T - 1
,
11 ,

- 1

.

we introduce the posibility to

randomize over the actions.

-> a strategy consists in clooring a

probability distribution over the actions.

~podes socur . To-
Zinedine Zidane



So for : Ordina utility frenction
· complete : always older the outcomes

· transitive : A-BXC then AC .

ATB and BLC

·
do you prefer · obtaining A with probability 0 . 5 and

C with probability o . 3

or . abtaining B for were.
-> we needs mar asumptions to define CARDINAL

utility function
· continuity#Bi then Fpetoiv)

s. t . pA + 11-p) c ~B .

· Indefundance AB ,
then for any



outcome D and pt[o ; 1]

PA + (1 - p)BXpB + (1 - p)] .

With these 4 accumptions : Lotteries

L = pA + (1-plB and M = pC + (r - p)B

If (G M E) puA)+ (-p(u(B) <, pu() + (1 -p)u(D) .
-

preferences red number seal number.

expected poyoffs .



Bock to motching pennies

player n's set of actions : A = [H ,
+3.

mixed strategy : 21 : (p
,
k-pl)

exemple : En = (EiE) or m : (E .)
- G = (1 , 0) .

Si is a probability distribution defined over Ai

2n : (p ,
1 - P) pla

de : (g ,
1 - 9) T(1 -p)

proIp
What is the probability to observe outcome (H , H) I is pxg

II is px(1-p)
II is (n-p) &



# is (1 - p)x(1 - p)

Player 1 . gains 1E in I and II.

with probility pq + (1-p((1-9) .
= pq + 1 - 9 - p + p9

= (1 - q) + p(2q - 1)
looses 1 in I and Il

with probability : p(1-9) + (1-p)9

= q + p(1 - 2q) .

player a q =0 p = 1/3 P =Eq = 59=
toin st
floyer 1

1 -p -E + P

when g is
low (91/2) ,

the the probability to gein 15



is decosing in p - -a choose p = 0 . plo fre
when a is high (97E) ,

the probability to goin 1

is increasing in p -> choose p = 1 .

Player 1 flogo Hwhen p is = 1/2 ->
choose any p.

Conclusion : we know that if player 2 choors a low (the
-

floy + mest of the time) ,
then player I chooses p=o

as the ploy T with certainty .
She does not ordonize

Then floges 2 is better off Moying H (i . e . p = 1) .

This induces ployer + to play I instead of T ... etc.
No Nash equilibrium if 9 1/2.
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1 1 . 3 . Expected payoffs
> refrences .

· National Confereeve
· continuity AGBIC then J peto ; 1]
. Indefendant

- . % . pA + 1 - pic ~B .

if A B them for ony D and

d pt[0 ; 15 = pa + ( - p(DXpB + (1- p)B.

Thedem . If a preference relation is complete ,
transitive,

-

continuous and indefendent ,
then there exists a

cardinal peyoff function se such that

L = pA + (1 - p(B end M = pC + ( - p(D

LE * ET pr(Al + 11 -p(u (B) > pe(a) + 11 - pluDD)
I



↓

von Neumann- Magenstein guarantee the existence
Preferences

of se ,
a Bernoulli

Toyoff function ,
a

cordinal poyoff function whose

expected volves represent the

VNM preferences.

"Preferences regarding latteries over autcomes may be

represented by the expected value of a poyoff function
over deterministic outcomes

,

Example : Le Panda two lotteries over a
,
b
,
cthree

deterministic outcomes
.

& = (P1
,
P2

, Py) With Pio i = 1 , 2 , 3
and Pi = 1



& = 191192193) pix 0 i = 1, 2 , 3

E9i = 1

If P > Q thenrater

Me(a
+ Pel(b)+ces
-number

Attitude to risk asb> -seller
1) risk averse pu(e) + (n-p(ux) # tel even if-

liskof une detcome.pis large. situation
u(a) = 10 netbl = 9 u() = 0

let p=0 + 7x0 = 7
.
5 19.



2) wieklover prese + 11-pux) <ref) even if

Pis sell

exantle : u(a) = 10 u(b) = 1 u(C) = 0

let p = G +10 + 20 = 2 > 1

neutral a
,
badc de monetary amounts

100t 1 = (20t) + 10t) .

on 100 ~1(400t) + 11-200 = )

or 100 E~ (0t) + ↳ (1000t)
When we balk about risk aversion or lover

,
then the preferences

are not expected monetary amount . They de expected Payoffs



- money .

4
.

2. Strategic games with VNM preferences
·bet of ployers
· set of actions .

· preferences regarding latteries over actions profiles
before : volue of peyoffs that represent freferencesOver
-

deterministic outcomes.

Now : values of Bernoulli function whose represent
Overpreferences Pla lotteries .

plef
Ex :

Q F Q

Q 2, 2 03
a 3

,
3 al

per per
F 3

,
0 1

,
1

F 4
1 0

1
,
1

these two games are equivalent when preferences are



ordinal

In the left game , player 1 is indifferent between
(a

,
a) and (F ,

a) + 1(F, F) .
L Ex 3 + 11

But not on the right game
(Q . a) E(F, Q) + 1 (F , F)
3

> Ex4 + 1x1 = 205

4. 3 .
Mixed strategy Nosh equilibrium.

·
a mixed strategy of a player is a probability

distribution over her set of posible actions.

· a mixed strategy isureifgenerated
(there is an action with proba = 1 and all other actions



have proba = o) .

Notation:· ret of Players 41 , 2...., my . 21 . 24

·
set of possible actions As fer player i Ar = CH ,Th

= Az
· Si a probability distribution over Ai =E)

Oit Ai ,
<(i) = Probale plays vil 22 = ( , 3)
m

#Ai =m · [di(a) = 1 #An = 2

R = 1
Gi(H) + <(T) = 1 .

~
(.

· 2 = ( , .. -- , (n) -
mixed strategy profile

A mixed strategy Nash equilibrirem is a mixed strategy

profile 2 in a strategic game With VNM preferences auch that

fi : Vi(* ) * Vi(di
,
<) with dit



with Vi(L) the expected boyoff of paye
LR1-9a

Example : 2
,
(T) = p

To P9 p(1-p) 21 (B) = 1 - p
pl1 22 (4) = 9

he(Rl = 1 - 9
Bp( -pq( -p(- a)

Expected payoff for player = :

P9u(T ,
L) + p(1 -q)u)+ ,

R) + (1 -p(qu(B ,
L) + ( -p)( -q(u(B ,R)

= p[qu(T ,() + (1 - q(u, ( ,R/] + ( -p([qu, (B ,
L) + (1 - q)u, (B ,R)]

= PET ,
dal + (1 - p)E(B ,

(2)
- -

expected payoff expected poyoff
of playing+

of playing B



when pe2 playe 22 whenle ploys 22 .

-> the expected payoff of player 1 is a linear function
of P
.

suffose that En(T, (2) > En (B , La
(B ,Ce

expectedal +h -PE EnCT ,
del

sayoff -
⑧ -

=B, !
A

O pr > p

Then ployer 1 flaps T with certainty (p= 1) .
-> no N .

E in mixed strategy ,
because 11 uss

a pure strategy.
Conclusion : in a mixed strategy Nash equilibrium,



We need FIB
, de l = En CT

,
del

.


