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1) Let X be a set. Let d from X ×X to R satisfying the following properties:

∀(x, y) ∈ X ×X, d(x, y) ≥ 0;

∀(x, y) ∈ X ×X, d(x, y) = d(y, x);

∀(x, y, z)) ∈ X ×X ×X, d(x, z) ≤ d(x, y) + d(y, z).

Under which additional condition d is a distance?
∀(x, y) ∈ X ×X, d(x, y) = 0 if and only if x = y.

2) Let ((X i, di)pi=1 be p metric spaces. Let X be the product of this spaces
X =

∏p
i=1X

i. Define a distance on X based on the distances on the sets X i.
For (x = (xi)pi=1, y = (yi)pi=1),

d(x, y) =

p∑
i=1

di(xi, yi)

Note that many other distances derived from the distances di can be defined on
X.
3) Let (X, d) be a metric space. What is the definition of the open ball of center
x̄ and radius r?
B(x̄, r) = {x ∈ X | d(x, x̄) < r}

4) Let X be a set and d be the atomic norm on X defined by d(x, y) = 1 if x 6= y
and d(x, y) = 0 if x = y. What is the closed ball of center x̄ ∈ X and radius 2?

For all x̄ ∈ X, B̄(x̄, 2) = X.
5) What is the definition of a convergent sequence in (X, d) a metric space?

A sequence (uν) ofX is convergent if it exists ` ∈ X such that the real sequence
(d(uν , `)) converges to 0.
6) Is a convergent sequence of a metric space bounded?

Yes, since after a finite number of steps, all terms belongs to the ball of radius
1 centered at the limit of the sequence.
7) Let (uν) be a sequence of a metric space (X, d). We assume that there exists
x̄ ∈ X such that the real sequence (d(xν , x̄)) converges to 0. What can we
conclude on the sequence (uν)?

(uν) is convergent and its limit is x̄.
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8) Let ((X i, di)pi=1 be p metric spaces and d the distance defined on X =
∏p

i=1X
i

by

d(x, y) =

p∑
i=0

1

2iM i
di(xi, yi)

Let (uν = (uiν)
p
i=1) be a sequence of X. What is the relation between the con-

vergence of the sequence (uν) and the convergence of the sequences (uiν) in the
space X i?

The sequence (uν) is convergent inX if and only if all the component sequences
(uiν) are convergent in X i. Then the limit of the sequence (uν) is the element
` = (`i) of X such that `i is the limit of the component sequences (uiν).
9) What is the Cauchy criterion for a sequence in a metric space (X, d)?

A sequence (uν) satisfies the Cauchy criterion if for all r > 0, there exists an
integer ν̄, such that for all pair of integers (ν, µ) satisfying ν ≥ ν̄, µ ≥ ν̄, then
d(uν , uµ) < r.
10) Let (uν) be a bounded sequence in a metric space. Does it satisfy the Cauchy
criterion?

No. For example the sequence (uν = (−1)ν) in R is bounded and does not
satisfy the Cauchy criterion.
11) What is the definition of a complete metric space?

A metric space is complete if all sequences satisfying the Cauchy criterion
converge.
12) Let (X, d) be a complete metric space and F a subset of X. Under which
condition, F is a complete metric space?
F is a complete metric space if and only if F is closed.

13) What is a subsequence of a sequence?
A subsequence of a sequence (uν) is a sequence (vν) such that there exists a

strictly increasing function ϕ from N to N and, for all ν ∈ N, vν = uϕ(ν).
14) What is the fundamental difference between a general metric space and a
finite dimensional Euclidean space concerning the bounded sequences?

In a finite dimensional Euclidean space, all bounded sequences have a converg-
ing subsequence. This is not true in general metric space. For example, in N with
the atomic distance, the sequence (uν = ν) is bounded and has no converging
subsequence.
15) Let `0 the set of real sequences with a finite number of non zero terms. We
define the following norm on `0.

‖(uν)‖∞ = max{|uν | | ν ∈ N}

For all i ∈ N, let vi be the real sequence such that viν = 1 if ν ≤ i and viν = 0 if
ν > i. What is the distance between vi and vj for i 6= j?

Let us assume that i > j. ‖vi − vj‖∞ = 1 since the entries of the sequence
vi − vj are equal to 0 except for the indices between j + 1 and i for which they
are equal to 1. The same reasoning works if j > i.
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16) Let `0 the set of real sequences with a finite number of non zero terms. We
define the following norm on `0.

‖(uν)‖ =
∞∑
ν=0

1

2ν
|uν |

For all i ∈ N, let vi be the real sequence such that viν = 1 if ν ≤ i and viν = 0 if
ν > i. What is the distance between vi and vj for i 6= j?

With the same reasoning as above, if i > j, we get that

‖vi − vj‖ =
i∑

k=j+1

1

2k
=

1

2j+1
2

(
1− 1

2i−j

)
=

2i−j − 1

2i
=

1

2j
− 1

2i

17) Let (X, d) be a metric space and F be a closed subset of X. What can we
say about F c the complementary of F?
F c is an open subset of X.

18) Let (X, d) be a metric space and F be a closed subset of X. Let (uν) be
a converging sequence of X such that uν ∈ F for all ν ∈ N. What can we say
about the limit of (uν)?

The limit of (uν) belongs to F .
19) Let (X, d) be a metric space and (Ui)i∈I be a family of open subsets of X.
Give a sufficient condition on I so that ∩i∈IUi be open.

If I is finite, then ∩i∈IUi is open.
20) Let X be a set and d be the atomic norm on X defined by d(x, y) = 1 if
x 6= y and d(x, y) = 0 if x = y. What is the closure of the ball B(x̄, 1)?

The closure of the ball B(x̄, 1) is the singleton {x̄} since B(x̄, 1) = B̄(x̄, 1
2
) =

{x̄} and so B(x̄, 1) is closed.
21) Let U be a subset of a metric space (X, d). Let F be a closed set of (X, d)
such that U ⊂ F . What can we say about U the closure of U?
U is included in F since U is the smallest closed subset containing U .

22) Let U be a subset of a metric space (X, d). Let x̄ ∈ U such that there exists
r > 0 and B(x̄, r) ⊂ U . What can we say about x̄?
x̄ belongs to the interior of U . Actually, B(x̄, r) is a subset of the interior of

U .
23) Let U and U ′ two subsets of a metric space (X, d). We assume that U ⊂ U ′.
What can we say about the interiors intU and intU ′?

intU ⊂ intU ′ since intU is open and included in U ′ and intU ′ is the greatest
open subset included in U .
24) Is the boundary of a subset of a metric space closed?

Yes, since it is the intersection of two closed sets, the closure of the subset and
the closure of the complementary of the subset.
25) Let U be a subset of a metric space (X, d). What is the intersection between
the boundary of U and the interior of U?
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The intersection between the boundary of U and the interior of U is always
empty since an element of the interior is not in the closure of the complementary
of U .
26) Let U be a subset of a metric space (X, d). What is the intersection between
the boundary of U and the closure of U?

The boundary of U is included in the closure of U , so, the intersection between
the boundary of U and the closure of U is the boundary of U .
27) Is a compact subset of a metric space bounded?

Yes because a compact metric subset can be covered by a finite family of balls
of radius 1.
28) Let K be a compact subset of a metric space (X, d) and F be a closed subset
of X. What can we say about K ∩ F?
K ∩ F is compact since a sequence in K ∩ F is also a sequence of K, so it

has a converging subsequence. Furthermore, this subsequence is in F , so its limit
belongs to F . So a sequence in K ∩ F has a converging subsequence the limit of
which belongs to K ∩ F , so this subset is compact.
29) Under which condition a closed subset of a complete metric space is compact?

If it satisfies the property of the ε-covering, that is for all ε > 0, there exists a
finite family (xi)i∈I of elements such that the subset is included in the union of
the open balls of center xi and radius ε.
30) What is the definition of equivalence of two distances on a set X?

Let d and δ two distances on X. They are equivalent if there exists two positive
real numbers a < b such that for all (x, y) ∈ X×X, ad(x, y) ≤ δ(x, y) ≤ bd(x, y).
31) Give two distances on N which are not equivalent.

The atomic distance and the one defined by |ν − µ|.
32) What is the definition of a bounded mapping from the metric space (X, d)
to the metric space (Y, δ)?

The mapping f is bounded if there exists ȳ ∈ Y and r ≥ 0 such that for all
x ∈ X, f(x) ∈ B(ȳ, r).
33) What is the definition of a continuous mapping from the metric space (X, d)
to the metric space (Y, δ)?

The mapping f from X to Y is continuous if for all x̄ ∈ X, for all sequence
(xν) of X converging to x̄, the sequence (f(xν)) of Y converges to f(x̄).
34) What is the chain rule property for continuous mappings between metric
spaces?

Let f be a continuous mapping from the metric space (X, d) to the metric
space (Y, δ) and g be a continuous mapping from the metric space (Y, δ) to the
metric space (Z, δ′). Then g ◦ f is continuous from (X, d) to (Z, δ′).
35) Is a Lipschitzian mapping continuous?

Yes, the Lipschitz continuity is actually much stronger than the continuity.
36) Let f be a continuous mapping from the metric space (X, d) to the metric
space (Y, δ) and U be an open subset of X. Is f(U) open? closed?
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f(U) is neither open nor closed in general. Let f(x) = sin x from R to R.
Then f(R) = [−1, 1] which is not open. Let g(x) = ex from R to R. Then
f(R) =]0,+∞[ which is not closed.
37) Let f be a continuous mapping from the compact metric space (X, d) to the
R. Is f(X) bounded? closed?
f(X) is compact so it is bounded and closed.

38) What is the uniform distance on the set C(X, Y ) of bounded continuous
mapping from the space X to the metric space (Y, δ)?

Let f and g be two bounded continuous mappings from the space X to the
metric space (Y, δ). Then

d∞(f, g) = sup{δ(f(x), g(x)) | x ∈ X}

39) What is the statement of the Banach fixed point theorem?
Let (X, d) be a complete metric space and f be a contraction from X to X,

that is a mapping such that there exists k ∈ [0, 1[, for all (x, y) ∈ X × X,
d(f(x), f(y)) ≤ kd(x, y). Then there exists a unique x̄ ∈ X such that f(x̄) = x̄.
Furthermore, for all x ∈ X, the sequence defined by x0 = x and the recursive
relation xν+1 = f(xν) converges to x̄.
40) Let f and g be two functions from a set X to R. What does it mean f ≤ g?
f ≤ g if for all x ∈ X, f(x) ≤ g(x).

41) Let (E,N) be a normed linear space. What is the necessary and sufficient
condition to get a compact closed unit ball?
E must be finite dimensional.

42) Let (E,N) be a normed linear space and F be a linear subspace of E. Provide
one sufficient condition under which F is closed?

If F is finite dimensional, then F is closed.
43) Let E be a finite dimensional linear space and N1 and N2 two norms on E.
Does it exists r > 0 such that BN1(0E, r) ⊂ BN2(0E, 1)?

Since E is finite dimensional, all norms on E are equivalent, so, there exists
(a, b) ∈ R2 such that 0 < a < b and for all x ∈ E, aN1(x) ≤ N2(x) ≤ bN1(x). So,
one checks that BN1(0E, r) ⊂ BN2(0E, 1) if r < 1

b
.

44) What is the characteristic of a continuous linear mapping between two
normed linear spaces?

A continuous linear mapping between two normed linear spaces is Lipschitz
continuous.
45) Let (E,N) be a normed linear space and f be a convex function from E to
R. Under which condition f is continuous on E?
f is continuous on E if and only if f is locally upper bounded, which means

that there exists x̄ ∈ E, r > 0 and m ∈ R such that for all x ∈ B(x̄, r), f(x) ≤ m.
46) Let `∞ be the space of real bounded sequences (uν) with the norm ‖(uν)‖∞ =
sup{|uν | | ν ∈ N}. Let `0 the set of real sequences with a finite number of non
zero terms. Is `0 a linear subspace of `∞?
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A sequence with a finite number of non zero terms is bounded so `0 is a subset
of `∞. The null sequence belongs to `0, the sum of two sequences with a finite
number of non zero terms is a sequence with a finite number of non zero terms
and the product of a real number with a sequence with a finite number of non
zero terms is a sequence with a finite number of non zero terms. So `0 is a linear
subspace of `∞.
47) Let `∞ be the space of real bounded sequences (uν) with the norm ‖(uν)‖∞ =
sup{|uν | | ν ∈ N}. Let `0 the set of real sequences with a finite number of non
zero terms. Is `0 closed in `∞?
`0 is not closed in `∞ for this norm. Indeed, if we consider the sequence (vi),

where vi is the real sequence such that viν = 1 if ν ≤ i and viν = 0 if ν > i, we
remark that vi belongs to `0 for all i but the limit of the sequence (vi), which is
the constant sequence w defined by wν = 1 for all ν, does not belong to `0.
48) Let `∞ be the space of real bounded sequences (uν) with the norm ‖(uν)‖∞ =
sup{|uν | | ν ∈ N}. Let B̄∞(0, 1) the closed unit ball of `∞. Is B̄∞(0, 1) compact?

No since `∞ is an infinite dimensional space.
49) Let `∞ be the space of real bounded sequences (uν) with the norm ‖(uν)‖∞ =
sup{|uν | | ν ∈ N}. Let B̄∞(0, 1) the closed unit ball of `∞. Is B̄∞(0, 1) complete?

Yes since B̄∞(0, 1) is a closed subset of a complete normed linear space.
50) Let `∞ be the space of real bounded sequences (uν) with the norm

N((uν)) =
∞∑
ν=0

1

2ν
|uν |

Let B̄∞(0, 1) the closed unit ball of `∞ for the norm ‖ · ‖∞. Is B̄∞(0, 1) compact
for the norm N?

Yes since B̄∞(0, 1) is the countable product of compact spaces B̄∞(0, 1) =
[−1, 1]N and the distance on this set is:

d((uν), (vν)) =
∞∑
ν=0

1

2ν
|uν − vν |

which is the distance on the countable product of compact spaces for which it is
compact.
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