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1) Let X be a set. Let d from X ×X to R satisfying the following properties:

∀(x, y) ∈ X ×X, d(x, y) ≥ 0;

∀(x, y) ∈ X ×X, d(x, y) = d(y, x);

∀(x, y, z)) ∈ X ×X ×X, d(x, z) ≤ d(x, y) + d(y, z).

Under which additional condition d is a distance?
2) Let ((X i, di)pi=1 be p metric spaces. Let X be the product of this spaces
X =

∏p
i=1X

i. Define a distance on X based on the distances on the sets X i.
3) Let (X, d) be a metric space. What is the definition of the open ball of center
x̄ and radius r?
4) Let X be a set and d be the atomic norm on X defined by d(x, y) = 1 if x 6= y
and d(x, y) = 0 if x = y. What is the closed ball of center x̄ ∈ X and radius 2?
5) What is the definition of a convergent sequence in (X, d) a metric space?
6) Is a convergent sequence of a metric space bounded?
7) Let (uν) be a sequence of a metric space (X, d). We assume that there exists
x̄ ∈ X such that the real sequence (d(xν , x̄)) converges to 0. What can we
conclude on the sequence (uν)?
8) Let ((X i, di)pi=1 be p metric spaces and d the distance defined on X =

∏p
i=1X

i

by

d(x, y) =
∞∑
i=0

1

2iM i
di(xi, yi)

Let (uν = (uiν)
p
i=1) be a sequence of X. What is the relation between the con-

vergence of the sequence (uν) and the convergence of the sequences (uiν) in the
space X i?
9) What is the Cauchy criterion for a sequence in a metric space (X, d)?
10) Let (uν) be a bounded sequence in a metric space. Does it satisfy the Cauchy
criterion?
11) What is the definition of a complete metric space?
12) Let (X, d) be a complete metric space and F a subset of X. Under which
condition, F is a complete metric space?
13) What is a subsequence of a sequence?
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14) What is the fundamental difference between a general metric space and a
finite dimensional Euclidean space concerning the bounded sequences?
15) Let `0 the set of real sequences with a finite number of non zero terms. We
define the following norm on `0.

‖(uν)‖∞ = max{|uν | | ν ∈ N}

For all i ∈ N, let vi be the real sequence such that viν = 1 if ν ≤ i and viν = 0 if
ν > i. What is the distance between vi and vj for i 6= j?
16) Let `0 the set of real sequences with a finite number of non zero terms. We
define the following norm on `0.

‖(uν)‖∞ =
∞∑
ν=0

1

2ν
|uν |

For all i ∈ N, let vi be the real sequence such that viν = 1 if ν ≤ i and viν = 0 if
ν > i. What is the distance between vi and vj for i 6= j?
17) Let (X, d) be a metric space and F be a closed subset of X. What can we
say about F c the complementary of F?
18) Let (X, d) be a metric space and F be a closed subset of X. Let (uν) be
a converging sequence of X such that uν ∈ F for all ν ∈ N. What can we say
about the limit of (uν)?
19) Let (X, d) be a metric space and (Ui)i∈I be a family of open subsets of X.
Give a sufficient condition on I so that ∩i∈IUi be open.
20) Let X be a set and d be the atomic norm on X defined by d(x, y) = 1 if
x 6= y and d(x, y) = 0 if x = y. What is the closure of the ball B(x̄, 1)?
21) Let U be a subset of a metric space (X, d). Let F be a closed set of (X, d)
such that U ⊂ F . What can we say about U the closure of U?
22) Let U be a subset of a metric space (X, d). Let x̄ ∈ U such that there exists
r > 0 and B(x̄, r) ⊂ U . What can we say about x̄?
23) Let U and U ′ to subsets of a metric space (X, d). We assume that U ⊂ U ′.
What can we say about the interiors intU and intU ′?
24) Is the boundary of a subset of a metric space closed?
25) Let U be a subset of a metric space (X, d). What is the intersection between
the boundary of U and the interior of U?
26) Let U be a subset of a metric space (X, d). What is the intersection between
the boundary of U and the closure of U?
27) Is a compact subset of a metric space bounded?
28) Let K be a compact subset of a metric space (X, d) and F be a closed subset
of X. What can we say about K ∩ F?
29) Under which condition a closed subset of a complete metric space is compact?
30) What is the definition of equivalence of two distances on a set X?
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31) Give two distances on N which are not equivalent.
32) What is the definition of a bounded mapping from the metric space (X, d)
to the metric space (Y, δ)?
33) What is the definition of a continuous mapping from the metric space (X, d)
to the metric space (Y, δ)?
34) What is the chain rule property for continuous mappings between metric
spaces?
35) Is a Lipschitzian mapping continuous?
36) Let f be a continuous mapping from the metric space (X, d) to the metric
space (Y, δ) and U be an open subset of X. Is f(U) open? closed?
37) Let f be a continuous mapping from the compact metric space (X, d) to the
R. Is f(X) bounded? closed?
38) What is the uniform distance on the set C(X, Y ) of bounded continuous
mapping from the space X to the metric space (Y, δ)?
39) What is the statement of the Banach fixed point theorem?
40) Let f and g be two functions from a set X to R. What does it mean f ≤ g?
41) Let (E,N) be a normed linear space. What is the necessary and sufficient
condition to get a compact closed unit ball?
42) Let (E,N) be a normed linear space and F be a linear subspace of E. Provide
one sufficient condition under which F is closed?
43) Let E be a finite dimensional linear space and N1 and N2 two norms on E.
Does it exists r > 0 such that BN1(0E, r) ⊂ BN2(0E, 1)?
44) What is the characteristic of a continuous linear mapping between two
normed linear spaces?
45) Let (E,N) be a normed linear space and f be a convex function from E to
R. Under which condition f is continuous on E?
46) Let `∞ be the space of real bounded sequences (uν) with the norm ‖(uν)‖∞ =
sup{|uν | | ν ∈ N}. Let `0 the set of real sequences with a finite number of non
zero terms. Is `0 a linear subspace of `∞?
47) Let `∞ be the space of real bounded sequences (uν) with the norm ‖(uν)‖∞ =
sup{|uν | | ν ∈ N}. Let `0 the set of real sequences with a finite number of non
zero terms. Is `0 closed in `∞?
48) Let `∞ be the space of real bounded sequences (uν) with the norm ‖(uν)‖∞ =
sup{|uν | | ν ∈ N}. Let B̄∞(0, 1) the closed unit ball of `∞. Is B̄∞(0, 1) compact?
49) Let `∞ be the space of real bounded sequences (uν) with the norm ‖(uν)‖∞ =
sup{|uν | | ν ∈ N}. Let B̄∞(0, 1) the closed unit ball of `∞. Is B̄∞(0, 1) complete?
50) Let `∞ be the space of real bounded sequences (uν) with the norm

N((uν)) =
∞∑
ν=0

1

2ν
|uν |
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Let B̄∞(0, 1) the closed unit ball of `∞ for the norm ‖ · ‖∞. Is B̄∞(0, 1) compact
for the norm N?
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