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1) What is the definition of a coercive function from Rn to R?
2) What is the main property of a bounded sequence in Rn?
3) What is the definition of the boundary of a subset of Rn?
4) We consider the following subset A of R2:

A = {(x, y) ∈ R2 | 0 ≤ x < 1,−1 ≤ y ≤ 1}

Give a graphical representation of this set. Is A closed? open? compact? What
is the closure A? What is the boundary of A? What is the interior of A?
5) What is the definition of a Lipschitz continuous mapping from Rn to Rp?
6) What is the number of columns and rows of the Jacobian matrix of a C1
mapping f from Rn to Rp? What is the definition of the Jacobian matrix of f?
7) Let f be a C1 function from U ⊂ Rn to R. What is the relation between the
gradient of f at x and the Jacobian matrix of f at x?
8) Let a be a vector of Rn and b a real number. Let f from Rn to R defined by
f(x) = a · x+ b. What is the gradient of f and the Hessian matrix of f at x?
9) Let f be a C2 function from Rn to R. Let u ∈ Rn and x̄ ∈ U . We define the
functionϕ from R to R by ϕ(t) = f(x̄+ tu). What are the first order and second
order derivative of ϕ at 0?
10) What is the second order necessary optimality condition for a minimum of a
C2 function f over an open set?
11) What is the first order necessary optimality condition for a maximum of a
C1 function f over a set defined by a unique C1 constraint g(x) = 0?
12) Let f be a C1 mapping from R2 to R. Let (x̄, ȳ) such that f(x̄, ȳ) = 0 and
∂f
∂y

(x̄, ȳ) 6= 0. What does the implicit function theorem imply around the point
(x̄, ȳ).
13) What is the Lagrangian function associated to the following minimisation
problem:

(P)


minimise f(x)
g1(x) = 0
g2(x) = 0
x ∈ U

14) Let f be a C2 function from Rn to R and let x̄ ∈ Rn. Write the second order
Taylor expansion of f at x̄.
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Exercise 1 We define the function f on U = {(x, y) ∈ R2 | y > 0}, by

f(x, y) =
x

y

1) Compute the gradient vector and the Hessian matrix of f at all point (x, y) ∈
U .

We consider the following optimisation problem:

(P)


maximise f(x, y)
x2 + y2 − 4y + 2 = 0
(x, y) ∈ U

2) Check that (1, 1) satisfies the first order necessary condition for Problem (P).
What is the associated multiplier λ? Hint: do not try to solve the first order
necessary condition but just check that they are satisfied at the given point for a
suitable multiplier.
3) Write the Lagrangian function associated to Problem (P) and check if the
second order necessary condition of optimality is satisfied at (1, 1) for Problem
(P).

We now consider the following optimisation problem:

(Q)


minimise g(x, y) = −x+ y
x2 + y2 − 4y + 2 = 0
(x, y) ∈ U

4) Check that (1, 1) satisfies the first order necessary condition of Problem (Q).
What is the associated multiplier µ?
5) Write the Lagrangian function associated to the problem (Q). Check if the
second order necessary condition of optimality is satisfied at (1, 1) for Problem
(Q).
6) Show that if f(x, y) > f(1, 1) then g(x, y) < g(1, 1). Conclude that (1, 1) is a
solution of Problem (P) if (1, 1) is a solution of Problem (Q)
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