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Optimisation A: mid-term exam

1) We consider a continuously differentiable function f from Rn ×Rk to R. For
all y ∈ Rk, the minimisation problem (Py) is: min{f(x, y) | x ∈ Rn}. We assume
that the problem (Py) has a solution denoted x(y) and the value function v from
Rk to R is differentiable. What is the gradient vector of v at y ∈ Rk?
2) Let f be a convex function from Rn to R. What can we say about the
continuity of f?
3) Let (X1, d1) and (X2, d2) two metric spaces. Give the definition of a distance
on the product X1 ×X2.
4) Let (X, d) be a metric space and K be a compact subset of X. Is K bounded?
closed?
5) Let (X, d) be a metric space and f be a mapping from X to X. Under which
assumptions can we conclude that f has a fixed point in X?

Exercise 1 We consider the space `∞ of bounded sequence in R with the norm
‖(uk)k∈N‖ = maxk∈N{|uk|}. Let u = (uk)k∈N be a sequence in R converging to a
limit x̄ ∈ R. For all n ∈ N, we consider the sequence (unk)k∈N defined by:

un = (u0, u1, . . . , un−1, un, x̄, x̄, . . .)

or unk = uk if k ≤ n and unk = x̄ if k > n.
1) For all n ∈ N, what is the limit of the sequence un = (unk)k∈N.
2) Show that for all n ∈ N, ‖un − u‖ = sup{|x̄− uk| | k ≥ n+ 1}.
3) Show that the sequence (un) of `∞ converges to u for the norm ‖ · ‖.

Exercise 2 Consider the problem:{
maximise f(x, y) = xy
subject to g(x, y) = (x+ 2y − 4)2 ≤ 0

1) Draw a picture of the set of feasible points satisfying the constraint g(x, y) = 0.
2) Explain why the solution is (x̄, ȳ) = (2, 1).
2) Verify that the KKT conditions are not satisfied for any λ at the point (2, 1).
3) Why is the Constraint Qualification condition not satisfied at (2, 1)?
4) Show that the Constraint Qualification condition is never satisfied at all points
satisfying the constraint.
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